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Abstract 
First-principles Calculations on Doped Perovskites 
Xiang Liu 
Karl W. Sohlberg, Supervisor, Ph.D. 
 
Perovskite is a family of oxides have been received increasing attractions due to their 
great values in diverse applications. Among them, La-doped NaTaO3 shows particular 
interests as a highly efficient catalyst in the photo-dissociation reaction of water into 
H2 and O2, providing a potential clean and reusable energy source. The mechanism of 
the increasing in the catalytic efficiency by the La doping has not been fully revealed 
by neither precedent experiments nor calculations. Computational chemistry has been 
developed for decades to be a reliable and accurate predicting method in investigating 
chemical structures like molecules, solid states, etc. This method is capable of 
predicting the optimized and most stable atomic structures of periodic solid-state 
crystals, as well as the electronic structures like the band structures for 
semiconductors. In order to get an insight into the influence of the La doping upon the 
atomic structure and electronic structure of NaTaO3, we are applying the first-
principles calculations on this doped system. Both the doped bulk systems and doped 
surfaces are treated in order to get a complete investigation. Otherwise, another 
correction for PM7 method is also introduced in order to reduce its error in predicting 
the band gap for semiconductor transition-metal oxides. 
 
13 
 
14 
        
1. Introduction 
Perovskites, a family of oxides having the general formula ABO3, have been receiving 
increasing attention because of their use in a diverse range of applications; these include: 
superconductors, electrocatalysts, pollution abatement, chemical sensors etc. Of 
particular note, some perovskites show the ability to act as heterogeneous catalysts in 
the photodissociation of water molecules. This is a very interesting property because 
this reaction could potentially provide a green and highly efficient fuel, H2, to take the 
place of the fossil fuels, reserves of which are decreasing rapidly. This reaction 
consumes only water and sunlight, supplies of which are almost unlimited. 
 
In typical perovskites, the smaller B-site cation is 6-fold coordinated by oxygen anions 
and the bigger A-site cation is 12-fold coordinated by oxygen anions. In the crystal, the 
octahedral BO6 units share each of their vertexes with another BO6 unit to form the 
backbone of the structure and the A cations occupy interstitial sites between those 
octahedra. Typical crystal structures for perovskites of two common space groups are 
shown in Figure 1-1. The Pbnm structure shown in (b) can be considered to be a 
distorted version of the ideal cubic Pm3m structure in (a) as the octahedra in Figure 
1-1(b) tilt in a certain direction and magnitude.  
\
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Figure 1-1 The structures of cubic Pm3m NaTaO3 (A) and the distorted orthorhombic 
Pbnm NaTaO3 (B).  
 
The family of alkali tantalates, ATaO3 (A= Li, Na and K) with high band gaps (3.6 – 
4.7 eV) have received much attention due to their potential for use as high efficiency 
photocatalysts for water splitting [1]. Kato[2,3] found that among these perovskites, 
NaTaO3 shows particularly high efficiency and that the photocatalytic efficiency of 
orthorhombic NaTaO3 can be significantly enhanced by La doping. Kato's work showed 
that La doping results in unique stepped-structures on the surfaces of the NaTaO3 
particles and concurrently reduces the size of particles. These phenomena increase the 
specific surface area of the material and were believed to be the main reason for the 
observed improvement in the photocatalytic efficiency with La doping[4]. Further 
experiments showed the photocatalytic activity of NaTaO3 is highly dependent on the 
morphology of the NaTaO3 crystals; the monoclinic-phase NaTaO3 shows considerably 
higher efficiency than the orthorhombic-phase NaTaO3[5,6]. Remarkably, the 
difference is 5 times greater than their difference in surface area[5]. Another interesting 
16 
        
observation is that the improvement in catalytic efficiency is not simply related to the 
doping concentration. The highest efficiency only occurs at an intermediate doping 
concentrations of (~3 mol%), while both lower and higher doping concentrations 
produce far less improvement in the catalytic efficiency over the undoped case. This 
motivates us to apply first-principle calculations to investigate the influence of the La 
doping towards the NaTaO3 and the underlying mechanism of the improvement in its 
photocatalytic efficiency. 
 
It has been decades since the establishment of the first-principles calculation 
method[7,8]. Due to the fast development of the density functional theory and periodic 
plane-wave basis sets[9-11], investigating the atomic and electronic structures of 
periodic solid-state systems with first-principles calculation has been proved to be 
reliable and predictable[12-14]. Precedent theoretical investigations on NaTaO3 
showed the difference between the indirect band gap in the cubic phase and the direct 
band gap in the orthorhombic phase[15], which successfully explains the difference in 
the photo efficiencies of these two phases[6]. Other calculation work studied the 
relation between La dopant, native vacancy and environmental conditions[16]. It 
showed in bulk NaTaO3, under most conditions, La doping on Na site is preferred and 
the La orbitals have minor contributions to the band structures near the band gap. 
 
However, none of precedent work reveals the underlying mechanism explains why the 
photo efficiency is not always increased along with La doping concentration and 
17 
        
reaches maxima at an intermediate doping concentration, as well as the influence of the 
La doping upon the surface of the NaTaO3 particles and the formation of the step-edge 
structures on its surface. 
 
In this work, we focus on applying first-principles calculations method on solving these 
unrevealed problems. This manuscript is mainly composed of with three papers, “The 
influence of oxygen vacancies and La doping on the surface structure of NaTaO3” by 
Xiang Liu and Karl Sohlberg, 2015, “Role of effective carrier mass in the photocatalytic 
efficiency of La-doped NaTaO3” by Xiang Liu and Karl Sohlberg, 2016, and “Empirical 
correction for PM7 band gaps of transition-metal oxides” by Xiang Liu and Karl 
Sohlberg, 2016. 
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2. First-principles calculation methods 
2.1 Introduction 
 
Before the discussion of the doped perovskites, it is essential to introduce the 
background of the theoretical calculation methods. Density functional theory (DFT) as 
a first-principles method has been developed for decades[1]. The basic assumption of 
DFT is that the ground-state property is uniquely determined by the electronic density. 
Kohn and Sham developed the Kohn-Sham method[2] using an imaginary system with 
non-interacting orbitals to describe a real system with the same electronic density. In 
Kohn-Sham method, an exchange-correlation (XC) functional is introduced to describe 
the energy comes from the interaction of electrons, which has no exact form and has to 
be approximated[3,4]. Most common XC functional used in solid-state calculations are 
local density approximation (LDA)[2] and generalized gradient approximation 
(GGA)[5,6]. The performance of such functionals are generally acceptable but they are 
poor in predicting the band gap of insulators, where the band gap can be significantly 
underestimated. To improve predicting the band structures, several approaches have 
been developed. Hybrid functional combines the approximated DFT functional with 
exact Hartree-Fock exact exchange energy to obtain more accurate and reliable 
exchange energy[7]. Simply adding a Hubbard band term U into LDA and GGA 
calculations can also have similar results[8]. While the accuracy of these two 
approached also depends on the choice of some empirical parameters, a purely first-
21 
        
principle GW method is introduced to yield accurate correlation energy but with an 
extremely expensive calculation[9-11]. The application of these high-level calculations 
are much more reliable than LDA and GGA, but are highly limited by the complexity 
of the structure which needs to be calculated.  
 
2.2 Density functional theory 
2.2.1 Hohenberg-Kohn theorems 
The great majority of theoretical investigations of the atomic and electronic structures 
of perovskite materials have been carried out with DFT calculations.  DFT was 
established by Hohenberg and Kohn in their 1964 paper on investigating the ground 
state of an inhomogeneous electron gas[1]. Considering a collection of N electrons in a 
large box moving under an external potential ( )r   and their mutual Coulomb 
repulsion, the energy can be written as 
 ( ) ( )[ ] [ ]n d F nE n r r r   (2.1) 
with the electron density 
 *) ( ) ( )(n r r r   (2.2) 
where the ( )r  is the wave function for the electrons. Hohenberg and Kohn proved 
that the electronic density )(n r  is uniquely determined by the external potential ( )r , 
(the first Hohenberg-Kohn theorem). 
 
The second Hohenberg-Kohn theorem states that the electronic density )(n r   that 
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minimizes the energy [ ]E n  is the ground-state density of the N electrons and the 
corresponding minimal energy [ ]E n  is the ground-state energy. It follows that DFT is 
a method where the ground-state properties are evaluated from the density of electrons 
rather than the electronic wave function as in traditional ab-intio methods. The 
efficiency of using the electron density, (which depends on 3 spatial dimensions) 
instead of the wavefunction, (which depends on 3N spatial dimensions, N being the 
number of electrons) makes DFT more appealing than wave-function based techniques 
for complex materials like layered perovskites. Note that Hohenberg and Kohn only 
proved the validity of DFT in investigating ground-state properties. Its validity for 
excited states was not discussed at all.  
 
2.2.2 Kohn-Sham formalism 
Though the basic concepts of DFT were established by Hohenberg and Kohn in their 
1964 paper, the application of DFT for computations did not become practical until the 
establishment of the Kohn-Sham (KS) formalism two years later[2]. In the KS 
formalism, a N-electron non-interacting reference system is built with the 
Hamiltonian[12] [note atomic units will be used in the remaining part of this work 
unless stated otherwise]: 
 2 ,
1
)(
2
N N
ref i i ref i
i
N
i i
hH r   (2.3) 
with 
 2,
1
(
2
)ref i i ih r   (2.4). 
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Here the index of summation (i) runs over all particles (electrons) in the system. This 
non-interacting reference system is constructed to possess an electron density exactly 
matching the electron density of the real interacting system that one seeks to model. 
According to the first HK theorem, these two systems, having the same electron 
densities, must have the same ground-state properties.  
 
Introducing orbitals i  , eigenfunctions of the one-electron Hamiltonian in equation 
(2.4), the electronic density of the reference system is  
 
2
N
s i
i
n   (2.5) 
Furthermore, the universal functional [ ]F n  in equation (2.1) is rewritten as 
 [ ] [ ][ ] [ ] XCn JF n nn ET   (2.6) 
where the [ ]T n  is the kinetic energy functional of the reference system, which may be 
expresses in terms of the orbitals 𝜑𝑖 as, 
 2
1
[
2
]
N
i i
i
T n   (2.7) 
Here [ ]J n  represents the classical Columbic interaction energy, 
 
(
[
(
]
)1
2
)n
d
n
dJ n
r r
r r
r r
  (2.8) 
and all other remaining energy terms are included in [ ]XCE n , the exchange-correlation 
(XC) functional. The latter contains the difference between the exact kinetic energy and 
sT , the non-classical part of electron-electron interaction, as well as the self-interaction 
correction to equation (2.8) [12]. Given Exc(n), the XC potential is expressed as 
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( )
XC
XC
E
n r
  (2.9) 
The orbitals are eigenfunctions of the one-particle Schrodinger equation 
 2
1
[ (
(
( )]
2
)
) XC i i i
n
d n
r
r r r
r r
  (2.10) 
In practice, the KS formalism is a self-consistent method: One begins with guessed 
orbitals 𝜑𝑖 and constructs the density )(n r   with equation (2.5). Using the density 
)(n r to define the XC potential, one then solves the one-particle Schrodinger equation 
(2.10) to obtain the new orbitals i  and the new density )(n r . The process is iterated 
to self-consistency. Unfortunately, the exact form for the XC functional is unknown 
except for the case of a homogenous electron gas, therefore, approximations to this term 
must be used. 
 
2.2.3 Exchange-correlation energy 
As noted above, under the KS formalism, an XC functional is introduced in the 
evaluation of the total energy. Because the exact form of this functional is unknown, it 
must be evaluated with approximations. Since the establishment of the KS formalism, 
numerous different XC functionals have been developed[13,14]. Characteristics of 
some commonly used functionals will be reviewed here. 
 
Generally, the XC energy is taken to be a linear combination of the exchange energy 
( XE ) and the correlation energy ( CE ), 
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 XC X CE E E   (2.11) 
The simplest XC approximation is the local density approximation (LDA), which was 
first introduced by Kohn and Sham[2]. In LDA, the XC energy is taken to be a 
functional of only the local electron density. The exchange energy is expressed as 
 
1/3
4/33 3[ ] ( )
4
LDA
XE n n dr r   (2.12) 
The correlation energy CE  has several different forms[15,3,16] and can be evaluated 
by quantum Monte Carlo simulations[17]. 
 
Later, the generalized gradient approximation (GGA) was developed, which 
incorporates the gradient of electron density[5]. The GGA form for the exchange energy 
can be written as 
 3[ ] ( ( )( ) )GGA unifX X XE r e n Fn d sr r   (2.13) 
where ( )unifXe n  is the exchange energy density of a uniform electron gas (
4/3n )[6,1], 
/ (2 )Fs n k n   [with 
2 1/3(3 )Fk n  ] is the dimensionless density gradient, and 
( )XF s  is a function called the enhancement factor. For any GGA that recovers the 
uniform gas limit, 
 
 2( ) ( 0)1X s sF s    (2.14) 
where μ is an expansion coefficient. The GGA correlation energy that recovers the 
uniform gas limit has the gradient expansion 
 3 2( ){ ( ( )) }[ (] )unifC CE rn d tn nr r r   (2.15) 
where ( ( ))unifC n r  is the correlation energy per particle of the uniform gas,  is a 
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coefficient, and /{2 }TFt n k n   is the appropriate reduced density gradient for 
correlation (with 4 /TF Fk k  ). For electron gases of slowly-varying density,
0.1235EG [4] and 
23 / 0.0375EG [18]. The exchange energies of 
free neutral atoms, however, are different from the slowly-varying case and the 
expansion coefficient must satisfy 2 EG [4]. For the PBE functional developed by 
Perdew, Burke and Ernzerforh[6], which has been widely used in GGA calculations, 
these coefficients are 0.2195  and 0.0667 .  
 
Although the XC in both LDA and GGA is approximate, both LDA and GGA generally 
work well in many cases. Because these approximations neglect long-range interactions, 
however, these local functionals fail in some systems. The most well-known problem 
is in predicting the band structure of semiconductors. Both LDA and GGA significantly 
underestimate the band gap in semiconductors. Several approaches are available to 
address this problem. 
 
A computationally inexpensive approach is the LDA+U method[8]. The LDA+U 
energy is written as  
 
1
( 1)
2
1
2
LDA U LDA U DC
U
DC
i
i j
j
E E E E
E U N N
E U n n
  (2.16) 
where the N is the total number of d electrons, UE  is the “Hubbard” term, DCE  is a 
term added to avoid double counting of the part contained both in LDAE  and UE , and 
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U  removes the unphysical curvature of the total energy of the system with respect to 
the variation in the number of electrons in a localized orbital[19]. Though this method 
performs better than LDA and GGA for predicting band gap energies, it is essentially 
an energy-shifting term and is not suitable for band structure calculations[9].  
 
It should be noted that both LDA and GGA calculate the exchange energy by 
approximations, but the Hartree-Fock (HF) exchange energy has an exact form[20],  
 * *
,
1
( ) ( )
2
1
( ) ( )HFx i j i j
i j
E d d1 1 2 2 1 2
1 2
r r r r r r
r r
  (2.17) 
Moreover, because the correlation energy is totally neglected in the HF method, the 
band gap from HF calculations is almost always dramatically overestimated[21] while 
LDA and GGA underestimate the band gap. These observations naturally evolved into 
the idea that the DFT approximated exchange energy and HF exact exchange energy 
could plausibly be mixed together to yield accurate results[22]. This is the motivation 
for the development of hybrid functionals, which incorporate the exact HF exchange 
energy into DFT calculations.  
 
A simple-form hybrid functional is the PBE0 funtional developed by the same people 
who developed the PBE functional[7]. They added the exact HF exchange energy into 
the PBE functional as 
 0 (1 )PBE HF PBE PBEXC X X CE E EE   (2.18), 
where  sets the fraction of exact exchange, which canonically has the value 0.25, 
but can be altered to fit different systems. 
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Another very popular hybrid functional, B3LYP (Becke exchange, three-parameter, 
Lee-Yang-Parr correlation) [23], computes the XC energy via 
 
3
0 ( ) ( ) ( )
B LYP LDA HF LDA GGA LDA GGA LDA
XC XC X X X X X C C CE E a E a EE a EE E  
 (2.19) 
where 0a  , Xa  and Ca  are empirical parameters and were originally chosen to be 
0.20, 0.72 and 0.81 respectively. 
GGA
XE  is the Becke 88 exchange functional[24] and 
GGA
CE  is the correlation functional of Lee, Yang and Parr[25]. 
LDA
CE  is the LDA 
correlation functional. By involving of the exact exchange energy, the accuracy of DFT 
computations can be significantly improved. At present, this hybrid functional has 
become the most widely used in computational chemistry. One problem with these 
hybrid functionals is that their accuracy depends on the choice of coefficients, which 
are totally empirical.  
 
The GW method is currently generally accepted as the most accurate way to obtain 
electronic band structures because it contains both the non-local interactions and 
dynamical correlations absent in LDA and GGA calculations. The GW method is 
developed from many-body perturbation theory and a self-energy operator   is 
introduced as[9] 
 0 , ( ) ( )( ) ( ) ( , ) EH d E1 1 1r r r r r r r   (2.20) 
where 0H  contains the kinetic energy, the Hartree potential and a possible one-particle 
external potential. The self-energy operator is written as 
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 2
1 22 2( , ) ( , ) (, , ),
2
,
ii
E d G W e1 2 1 2 1 2r r r r r r   (2.21), 
where   is frequency, G   is a green function and W   is a screened Coulomb 
potential. Although the GW method can yield accurate electronic band structures, the 
computational cost is much greater than that of LDA and GGA calculations, and even 
hybrid-functional calculations. This disadvantage limits its application in geometry 
optimization of crystal structures. GW has seen almost no use in the study of layered 
perovskites and its details are outside the scope of this research. 
 
2.3 Reliability of the lattice parameters from DFT calculations 
One of the most fundamental checks on the accuracy of a theoretical method for 
describing the atomic and electronic structure of a crystal is the accuracy with which it 
predicts the lattice constant(s). DFT calculations have been successfully applied for 
predicting the lattice parameters of crystals. Table 2-1 gives the lattice parameter(s) of 
various perovskites as predicted with DFT calculations. Calculations employing the 
LDA functional tend to underestimate the lattice parameters (negative relative % error) 
compared with experimental values while calculations employing GGA functionals 
(PW91, PBE and BLYP) overestimate the lattice parameters (positive relative error). 
Based on the data for perovskites tabulated here, the root-mean-square (RMS) errors in 
lattice constants for LDA, PW91, PBE, BLYP, PBE0, B3LYP and HF calculations are 
1.09%, 1.21%, 1.29%, 1.91%, 0.59%, 1.11% and 0.76% respectively. The accuracy 
order is PBE0 > HF > LDA > B3LYP > PW91 > PBE > BLYP but the differences are 
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not very significant. Thus, it is reasonable to conclude that all of these functionals have 
essentially the same level of accuracy in predicting lattice parameters for perovskites.  
 
The scenario is very different when predicting the bulk modulus. The accuracy with 
which the bulk modulus is predicted is a more sensitive check of accuracy than 
checking lattice parameter(s), since bulk modulus is a derivative property and hence 
more sensitive to errors in the calculation of the total energy. The RMS errors in 
predicted bulk modulus for LDA, PBE, B3LYP and HF calculations are 65%, 30%, 32% 
and 37% respectively. The accuracy order is GGA (PBE) ≈ hybrid (B3LYP) > HF >> 
LDA, based on the data for perovskites tabulated here. Hence, while the lattice-
parameter check is not sensitive enough to show the differences in accuracy among 
those functionals, differences are clearly shown in the accuracy of bulk-modulus 
predictions. 
 
It should be noted that the direct results of DFT calculations correspond to a zero-
temperature condition while a zero-temperature experimental result can only be 
obtained by extrapolation. The temperature dependence of the lattice parameter can be 
estimated using the thermal expansion coefficient, 
 
1
L
dL
a
L dT
  (2.22), 
where L  is the lattice parameter at temperature T . In general, this coefficient is a 
temperature-dependent function and has different behavior in different temperature 
regions. For simplicity, consider cubic-phase SrTiO3, which exhibits a linear thermal 
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expansion over a broad low temperature region (< 300 K) (Note: this linearity is 
actually broken under 110 K because of a phase transition, which is ignored here for 
purposes of this rough estimation). The expansion coefficient of cubic SrTiO3 is 
69.4 10 /La K  [26], hence the lattice parameters at room temperature and zero 
temperature are 3.905 A  and 3.894 A  respectively. Though this difference is quite 
small, some deviation of the computed 0 K result from the extrapolated experimental 
result should be expected. Therefore, experimental lattice parameters can be used to 
estimate the accuracy of DFT calculations, but minor differences between the predicted 
values and their experimentally obtained analogues should not be interpreted as 
significant or used to distinguish between different DFT calculations. 
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Table 2-1 Lattice parameters of various perovskites from DFT calculations. The relative % error for each calculated value compared to 
corresponding experimental value is given in the parentheses. *Values at room temperature 
Species Phase Space 
Group 
a (Å) b (Å) c (Å) Bulk 
modulus B 
(Gpa) 
Functional 
SrTiO3 cubic Pm3m 3.87(-0.51%)[27] ~ ~ 222(27%)[28], 
198.4(14%)[27
] 
LDA 
   3.94(1.28%)[28] ~ ~ 171(-1.7%)[28] PBE 
   3.944(1.38%)[27]   172.5(-
0.8%)[27] 
PW91 
   3.98(2.31%)[28] ~ ~ 159(-8.6%)[28] BLYP 
   3.94(1.29%)[28], 
3.947(1.47%)[27] 
~ ~ 180(3.4%)[28], 
179.1(2.93%)[2
7] 
B3LYP 
   3.92(0.77%), 
3.931(1.05%) 
~ ~ 186(6.9%)[28], 
202.6(16%)[27
] 
HF 
   3.86(-0.77%)[29]    LDA 
   3.93(1.02%)[30]    PW91 
   3.909(0.49%)[31]   200(15%)[31] LDA 
   3.89[28] ~ ~ 174[28] Exp 
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Species Phase Space 
Group 
a (Å) b (Å) c (Å) Bulk 
modulus B 
(Gpa) 
Functional 
BaTiO3 cubic Pm3m 3.96(-1.00%)[28] ~ ~ 196(21%)[28] LDA 
   4.03(0.75%)[28] ~ ~ 175(8.0%)[28] PBE 
   4.08(2.00%)[28] ~ ~ 166(2.5%)[28] BLYP 
   4.04(1.00%)[28] ~ ~ 176(8.6%)[28] B3LYP 
   4.01(0.25%)[28] ~ ~ 190(17%)[28] HF 
   3.992(-0.20%)[32]   189(17%)[32] PBE0 
   3.95(-1.25%)[29], 
3.948(-
1.30%)[33], 
3.964(-0.90%)[34] 
   LDA 
   4.00[28] ~ ~ 162[28]  Exp 
 tetragon
al 
P4mm 3.938(-
1.35%)[33], 
3.959(-0.83%)[34] 
 3.993(-
1.08%)[33], 
3.980(-
1.39%)[34] 
 LDA 
   3.968(-0.60%)[32]  4.137(2.50%)
[32] 
 PBE0 
   3.992[33]  4.036[33]  Exp 
 orthorho
mbic 
Amm2 3.951(-0.80%)[32] 5.614(-
1.05%)[32] 
5.623(-
1.21%)[32] 
 LDA 
   3.995(0.30%)[32] 5.792(2.08
%)[32] 
5.837(2.55%)
[32] 
 PBE 
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Species Phase Space 
Group 
a (Å) b (Å) c (Å) Bulk modulus 
B 
(Gpa) 
Functional 
BaTiO3   3.958(-0.63%)[32] 5.728(0.95
%)[32] 
5.770(1.37%)
[32] 
 PBE0 
   3.983[32] 5.674[32] 5.692[32]  Exp 
PbTiO3 cubic Pm3m 3.93(-1.00%)[28] ~ ~ 324(125%)[28] LDA 
   3.96(-0.25%)[28] ~ ~ 217(51%)[28] PBE 
   4.02(1.26%)[28] ~ ~ 143(-0.7%)[28] BLYP 
   3.96(-0.25%)[28] ~ ~ 235(63%)[28] B3LYP 
   3.94(-0.76%)[28] ~ ~ 245(70%)[28] HF 
   3.89(-2.02%)[29]    LDA 
   3.97[28] ~ ~ 144[28] Exp 
NaTaO3 orthorho
mbic 
Pbnm 5.5335(0.86%)[35] 5.5784(1.03
%)[35] 
7.7869(-
0.09%)[35] 
 PBE 
   5.4864[35] 5.5213[35] 7.7936[35]  Exp* 
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2.4 Electronic structures for periodic systems 
2.4.1 Reciprocal lattice and first Brillouin Zone 
For a periodic Bravais lattice in a real space with the primitive vectors 
1a , 2a , and 
3a  in the direct space, any observables in the periodic lattice can be written as a 
periodic function, 
 (( ) )ff r r R   (2.23) 
where R  can be any lattice vectors satisfying 
 1 2 3n nn 1 2 3R a a a   (2.24). 
The Fourier expansion of the equation (2.23) can be written as 
 (( ) ) i if ef eG R G r
G
R r G   (2.25). 
This equation must be true for any R, even when R = 0, then there will be 
 0( ) ( ) ( )1i i i i if e e f e e f eG R G r G G r G r
G G G
G G G   (2.26). 
In order to satisfy the above equation for all lattice vector R , there must be an equality 
 2 NG R   (2.27) 
where N is an integer. The set of all these G  vectors forms the reciprocal lattice of the 
original direct lattice, and this reciprocal lattice itself is still a Bravais lattice[36]. The 
reciprocal primitive vectors of this reciprocal lattice satisfy the equations 
 
2
2
2
V
V
V
1 2 3
2 3 1
3 1 3
b a a
b a a
b a a
  (2.28) 
where V  is the volume of the primitive direct lattice cell. 
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Within this reciprocal lattice, the first Brillouin zone can be obtained in the same way 
as obtaining the Wigner-Seitz cell in the direct lattice[37]. First, a lattice point is chosen 
in the reciprocal space, then lines are drawn to all of the closest neighboring equivalent 
lattice points. For a three-dimensional lattice, planes can be drawn normal to these lines. 
The region enclosed by these planes is the first Brillouin zone of the reciprocal lattice, 
as shown in Figure 2-1. In the Brillouin zone, there are an infinite number of k points 
for an infinite periodic structure. Calculations are customarily carried out for a set of k 
points in the first Brillouin zone and the results from this finite set used to sample the 
whole Brillouin zone. 
 
Figure 2-1 The reciprocal lattice points (red balls) for a simple cubic lattice. Its first 
Brillouin zone is shown as the grey cube. 
 
2.4.2 Period potential and band gap 
Unlike a molecule, a defining characteristic property of a crystal is the periodic 
potential felt by the electrons due to the periodic arrangement of nuclei. In order to 
discuss the electron behavior in such periodic potential, we can start from discussing a 
37 
 
free electron in 1D space with no external potential. The wave function of a free electron 
is of the form, 
 )(k
i k xx e   (2.29) 
with the energy 
2
2
2
k
m
, which is continuous to the wavevector k and can be plotted 
in k space as in Figure 2-2(a). 
 
Figure 2-2 (a) Plot of energy  of a free electron as a function of wavevector k. (b) 
Plot of energy versus wavevector for an electron with periodic linear potential with 
direct lattice constant a. The energy band gap gE  is formed at the first Brillouin zone 
edge k a [37]. 
 
In a periodic lattice, when the wavefunctions reach the first Brillouin zone edge at 
k a , the condition for Bragg reflection ( 2 2)( kk G ) is satisfied. The waves 
traveling to the left are reflected to travel to the right, and vice versa. This will cause 
the wavefunctions of the electrons at k a  to be standing waves with the form, 
 
2 cos( ) ( )
2
2 sin( )( )
2
i k x i k x
i k x i k x
k
e e
e e
x
i kx
  (2.30) 
with the electron density 
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* 2
* 2
( ) ( ) ( ) cos ( )
sin (( ) )( ) ( )
p
p
kx
kx
  (2.31). 
 
When a nucleus is added into the lattice with 0x , a repeated potential is introduced 
into the lattice. The standing wave ( )   with the electron density ( )p   has 
maximum electron density at x = 0, a, 2a, …, where are closest to the nucleus where 
the potential energy is lowest. However, for the standing wave ( )  with the electron 
density ( )p  has maximum electron density at x = a/2, 3a/2, …, which is in the center 
between two nuclei where the potential energy is highest. Then the energies of the two 
states at the Brillouin zone edge are no longer the same, and a forbidden gap is formed 
at the Brillouin zone edge as shown in Figure 2-2(b).  
 
2.4.3 Bloch wave and crystal momentum 
Bloch theory states that for a crystal, the wavefunction for the electrons can be written 
in the form 
 ( ) ( ) iu e k rr r   (2.32), 
where )(u r   is an arbitrary periodic function with the same periodicity as the 
crystal[37]. The k  vectors can be restricted within the first Brillouin zone so that all 
possible k  is associated with one, and only one, vector in the first Brillouin zone and 
no two of them are the same. It must be noted that an electron with the wavefunction 
exp( )i k r  has a momentum as p k . Similarly, a quasi-momentum can also 
be written from the Bloch wave ( ) ( ) iu e k rr r  as 
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 p k   (2.33) 
which is called the crystal momentum for the lattice. The wavevector k  in the Bloch 
wave is restricted within the first Brillouin zone of the reciprocal lattice, hence its 
magnitude k  is constrained within the size of the Brillouin zone which has a same 
order of magnitude as / a , where a is the lattice constant of the crystal.  
 
2.5 Indirect band gap vs. direct band gap 
For semiconductors, there are two different types of band gap, the direct band gap and 
indirect band gap. In a direct band gap, the valence band maximum has the same 
wavevector k as the conduction band minimum. When an excited electron in the 
conduction band minimum decays into the valence band maximum and recombines 
with the empty hole, there will be no change in the crystal momentum and the energy 
can be carried by a photon as shown in Figure 2-3(a). However, in an indirect band gap, 
since the excited electron has different crystal momentum than the empty hole, the 
decay process changes the crystal momentum as in Figure 2-3(b). As discussed 
previously, the crystal momentum has the form  p k and the k  has the order of 
magnitude as / a , where the a is the direct lattice constant, which is hundreds of 
picometers for crystals. Similarly, the momentum for a photon has a form 2 /p , 
but the wavelength  for a photon is hundreds of nanometers. The magnitude of 
crystal momentum is thousands of times larger than the magnitude of the momentum 
for a photon, therefore during a transition process in a semiconductor, the momentum 
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carried by a photon can be neglected. Hence, the changes of crystal momentum 
associated with the decay in an indirect band gap can only be carried by a phonon, 
which will strongly increase the difficulty of such process. 
 
 
 
Figure 2-3 The process by which an excited electron in conduction band minimum 
decays into the valence band maximum and recombines with the empty hole in (a) 
direct band gap and (b) indirect band gap. 
 
2.6 Conclusion 
In this chapter, the general theories behind DFT have been introduced. The Kohn-Sham 
formalism reduces the complicated many-body problem into a simple one-particle 
reference system, with the introduction of the exchange-correlation energy. Due to the 
lack of the exact form of the exchange-correlation energy, the accuracy of the Kohn-
Sham calculations depends highly on the choice of the assumptions of this term.  
 
Here, the commonly-used functionals for such calculations have been summarized and 
their typical accuracies compared based on published studies of perovskites. It is found 
that the RMS errors in predicting lattice parameters of perovskites with calculations 
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employing LDA, GGA and hybrid functionals are essentially the same. They all yield 
reliable results in predictions of lattice parameter, with LDA tending to underestimate 
the lattice parameters and GGA tending to overestimate them. The RMS errors of LDA, 
GGA and hybrid functionals in predicting bulk moduli differ significantly. In general, 
the order of accuracy in predictions of bulk moduli is: hybrid ~ GGA > LDA. 
 
When considering atomic structures, DFT-level calculations such as LDA and GGA 
typically yield reliable results, but these methods are not reliable in predicting the band 
gap of perovskites. Hybrid functional calculations appear to be the lowest-cost route to 
improve the reliability of such calculations. 
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3. Role of effective carrier mass in the photocatalytic efficiency of La-doped 
NaTaO3 
3.1 Introduction 
 
The family of alkali tantalates, ATaO3 (A= Li, Na and K) with high band gaps (3.6 – 
4.7 eV) have received much attention due to their potential for use as high efficiency 
photocatalyts for water splitting [1]. Kato[2,3] found that among these perovskites, 
NaTaO3 shows particularly high efficiency and that the photocatalytic efficiency of 
orthorhombic NaTaO3 can be significantly enhanced by La doping. Kato's work showed 
that La doping results in unique stepped-structures on the surfaces of the NaTaO3 
particles and concurrently reduces the size of particles. These phenomena increase the 
specific surface area of the material and were believed to be the main reason for the 
observed improvement in the photocatalytic efficiency with La doping[4]. Further 
experiments showed the photocatalytic activity of NaTaO3 is highly dependent on the 
morphology of the NaTaO3 crystals; the monoclinic-phase NaTaO3 shows considerably 
higher efficiency than the orthorhombic-phase NaTaO3[5,6]. Remarkably, the 
difference is 5 times greater than their difference in surface area[5]. Another interesting 
observation is that the improvement in catalytic efficiency is not simply related to the 
doping concentration. The highest efficiency only occurs at an intermediate doping 
concentrations of (~3 mol%), while both lower and higher doping concentrations 
produce far less improvement in the catalytic efficiency over the undoped case. A 
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similar phenomenon has been observed in Sr-doped NaTaO3 where the rate of 
recombination is lowest with a moderate Sr doping concentration[7] 
 
One major challenge to improving photocatalytic efficiency is the recombination of the 
excited electrons and empty holes [8]. Photocatalysis requires sufficient excited 
electrons and empty holes in the catalyst to catalyze the reaction, however, when these 
carriers are photo-generated in semiconductors they interact with each other and 
recombination can occur. This recombination of electrons and holes decreases the 
carrier density in the catalyst and consequently decreases the catalytic efficiency of the 
material. When carriers are generated in the electronic bands of semiconductors, they 
possess an effective mass and this effective mass bears an inverse relationship with 
carrier mobility [9]. Electrons and holes with smaller effective mass have higher 
mobility and can move faster within the semiconductor. When an electron and hole are 
generated by a photon, (photo-generated electron-hole pair) they can separate more 
quickly, reducing the probability of recombination, and as a result increasing the 
photocatalytic efficiency[10]. This mechanism is thought to be the cause of the 
difference in the photocatalytic efficiency between anatase and rutile TiO2[11]. It has 
also been reported that the photochemical anisotropy in SrTiO3 originates from the 
variance in carrier masses in different crystalline directions[12].  
 
For the reasons outlined above, reducing effective mass can be potentially important in 
designing high-efficiency photocatalytic materials. In this work, we study the influence 
49 
 
of La doping on the band structures of both cubic and orthorhombic NaTaO3. The 
results show that effective mass plays an important role in explaining the relation 
between the La-doping concentration and the photocatalytic efficiency of La-doped 
NaTaO3. 
3.2 Calculation method 
To investigate the electronic structure of La-doped NaTaO3, calculations were carried 
out based on density functional theory using the Vienna ab initio simulation package 
(VASP)[13,14]. The Perdew-Burke-Ernzerhof exchange-correlation functional 
(PBE)[15] and a projected augmented-wave (PAW) basis set with 600 eV cut-off energy 
were employed here. It is known that calculations with  a GGA functional can 
substantially underestimate the band gaps of semiconductors  but the relative values 
of the band gaps of different crystals as estimated with the same functional are typically 
comparable [16]. Furthermore, the topology of the band structures around the valence 
band maximum (VBM) and conduction band minimum (CBM) is generally not strongly 
affected by the GGA approximation[17-19]. These observations support the use of a 
GGA-level functional here to investigate the effective carrier mass in La-doped NaTaO3. 
 
Pure cubic and orthorhombic NaTaO3 unit cells were optimized using a 5 5 5   
Gamma-centered k-point grid based on a convergence test. The lattice constant for 
cubic phase NaTaO3 is calculated to be a = b = c = 3.98 Å and 90     , which 
is in good agreement with the experimental values (a = b = c = 3.88 Å and 
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90     )[20]. Orthorhombic NaTaO3 has calculated lattice constants (a = 5.48 
Å, b = 5.53 Å, c = 7.79 Å and 90      ) in good agreement with the 
corresponding experimental values (a = 5.48 Å, b = 5.52 Å, c = 7.80 Å and 
90     )[21]. The calculated band gaps for cubic NaTaO3 and orthorhombic 
NaTaO3 are 2.26 eV and 2.65 eV respectively, which are lower than the corresponding 
experimental values of 4.1 eV and 4.0 eV[5], a typical performance for the PBE 
functional. The details of the shape of the band structure near the band gaps from our 
calculations are very similar to predictions of the same from calculations with hybrid 
functionals[22]. The band shapes as predicted by PBE and HSE06 are very similar, the 
major difference is in the gap values, which are irrelevant to the band curvature, again 
supporting the use of the PBE functional in this work, a comparison between these two 
functionals is discussed later in this work. 
 
La-doped NaTaO3 was investigated by substituting a La atom for a native Na atom. For 
both cubic and orthorhombic NaTaO3, doped supercells having the stoichiometry 
Na23LaTa24O72, Na15LaTa16O48, and Na7LaTa8O24, for doping concentrations of 4.2 
mol%, 6.3 mol%, and 12.5 mol% respectively, were considered. The electronic 
structures were calculated after a full relaxation of the doped supercell with a Gamma-
point-only calculation. 
 
The effective masses of electrons and holes in the electronic bands are given by, 
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2
*
1
2
2 kdm
E
dk
  (3.1) 
where k   is the wave vector in reciprocal space, and the kE   is the energy 
corresponding to the wave vector k . The second derivative of the total energy was 
extracted from a Taylor series expansion of the band energy versus k  point based on 
a quadratic fit to the k  points near to the VBM/CBM for which explicit band energies 
were calculated.  
 
3.3 Results and discussion 
In order to validate of the reliability of the PBE functional for investigating the effective 
mass of electrons and holes in NaTaO3, we have calculated the band structures of 
pristine cubic NaTaO3 and orthorhombic NaTaO3 via both the PBE functional and 
HSE06 hybrid functional[23]. The results are shown in Figure 3-1. The HSE06 band 
gaps for cubic NaTaO3 and orthorhombic NaTaO3 are 3.60 eV and 4.00 eV, in much 
better agreement with the experimental values as 4.1 eV and 4.0 eV than the PBE band 
gaps for two structures of 2.26 eV and 2.65 eV. It is typical that a GGA-level functional 
such as PBE will underestimate the band gap for semiconductors[16] and this error can 
be significantly corrected by combining a traditional GGA functional with exact 
Hartree-Fock exchange energy as a hybrid functional, such as in HSE06[23]. 
Independent of the difference in band gaps, however, the shape of the bands near the 
band gap is predicted almost identically by the two different functionals, as shown in 
Figure 3-1. A comparison between the effective carrier masses calculated from PBE 
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and HSE06 functionals is listed in Table 3-1. The low percentage differences show that 
a simple PBE functional can be reliable for investigating the effect mass of carriers in 
semiconductors.  
 
 
 
Figure 3-1 The band structures of pristine cubic NaTaO3 (left) and orthorhombic 
NaTaO3 (right). The PBE band structure are shown in dashed red curves while the 
HSE06 band are shown with black curves. 
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Table 3-1The effective mass of electrons and holes in the unit of free electron mass 
calculated from PBE and HSE06 functionals for cubic and orthorhombic NaTaO3, as 
well as their relative difference. 
NaTaO3  PBE  HSE06  Difference (%) 
Cubic *em  100 0.99 0.96 3.03 
 010 0.99 0.96 3.03 
 001 0.99 0.96 3.03 
Cubic *hm  100 5.62 5.22 7.12 
 010 5.62 5.22 7.12 
 001 5.62 5.22 7.12 
Orthorhombic *em  100 0.06 0.06 0 
 010 0.06 0.06 0 
 001 0.05 0.05 0 
Orthorhombic *hm  100 0.38 0.34 10.5 
 010 0.48 0.42 12.5 
 001 0.23 0.18 21.7 
Rms.    8.75 
 
Band structure analysis (See Figure 3-2A and Figure 3-3A)shows that cubic NaTaO3 
has an indirect band gap (R  G) while orthorhombic NaTaO3 has a direct band gap 
(G  G). This discrepancy in band structure provides a possible explanation for the 
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difference in the catalytic efficiency; the presence of an indirect band gap can reduce 
the probability of recombination of excited electrons with empty holes[24].  
 
Figure 3-2 Band structure of pristine cubic NaTaO3(A) and La-doped cubic NaTaO3(B 
is for Na-23LaTa24O72, C is for Na15LaTa16O48, and D is for Na7LaTa8O24). The doping 
concentrations are 4.17 mol%, 6.25 mol%, and 12.5 mol% for B, C and D respectively. 
The band gap 
 
 
A series of unit cell models of La-doped NaTaO3 with increasing doping concentration 
were built to investigate the influence of La doping on the electronic structure of the 
material. Unit cells having the stoichiometry: Na23LaTa24O72, Na15LaTa16O48, and 
Na7LaTa8O24, corresponding to doping concentrations of 4.17 mol%, 6.25 mol% and 
12.5 mol% respectively, were used. Figure 3-2(B, C, D) shows the band structures of 
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La-doped cubic NaTaO3. The La dopant increases the band gap of the cubic NaTaO3 in 
all cases. At low doping concentrations (as in Na23LaTa24O72, and Na15LaTa16O48), the 
effect is minor and the band gap remains relatively constant. Once the doping 
concentration is sufficiently high, however, (as in Na7LaTa8O24) the band gap increases. 
This increase in band gap can increase the emission energy when an excited electron in 
the conduction band decays into the valence band, increasing the photo-catalytic 
potential and possibly increasing the photo-catalytic efficiency. In all cases, the 
conduction bands remain similar with a CBM at the Gamma point while the VBM is 
shifted from the R point in pristine NaTaO3 to the Gamma point in La-doped NaTaO3. 
Hence the presence of La dopant has changed the cubic NaTaO3 into a direct 
semiconductor, which might result in the reducing of the catalytic efficiency. 
 
The band structures for La-doped orthorhombic NaTaO3 are shown in Figure 3-3. 
Similar to the cubic phase, La doping increases the band gap by around 0.1 eV at all 
doping concentrations, which agrees well with experimental results[25]. Different from 
the cubic phase, La-doped orthorhombic NaTaO3 is changed from a direct 
semiconductor into an indirect one. In an indirect band gap, an excited electron in the 
CBM has different crystal momentum than the empty hole in the VBM. When a 
recombination occurs, the major part of the energy is released by a photon, while the 
momentum is not. Since the momentum of a photon is too small and even negligible 
compared to this crystal momentum, the change in the crystal momentum has to be 
carried by a phonon. However, in direct band gap, since the excited electron and the 
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empty hole has the same crystal momentum, the recombination only involves emitting 
photon. Therefore, the recombination is much easier in a direct band gap rather than in 
an indirect band gap. Hence this change in the band gaps for the orthorhombic La-doped 
NaTaO3 should result in increasing its photocatalytic efficiency. This is consistent with 
the experimental result that La doping increases the catalytic efficiency of NaTaO3. 
Presumably the presence of an indirect gap in the doped case decreases the probability 
of electron-hole recombination resulting in enhanced quantum yield. A summary of the 
band gaps are listed in Table 3-2. 
 
Figure 3-3 Band structure for pristine orthorhombic NaTaO3 (A) and La-doped 
orthorhombic NaTaO3 (B is for Na23LaTa24O72, C is for Na15LaTa16O48, and D is for 
Na7LaTa8O24). The doping concentrations are 4.17 mol%, 6.25 mol%, and 12.5 mol% 
for B, C and D respectively. The band gaps for each structure are labeled in the graphs. 
The blue arrows indicate the direction of the band gap. 
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Table 3-2 Computed band gaps of La-doped NaTaO3 with different phases and doping 
concentrations. 
Cubic phase Doping concentration  
( mol%) 
Band gap  
(ev) 
Direction  
(VBM – CBM) 
Na23LaTa24O72 4.17 2.36 G - G 
Na15LaTa16O48 6.25 2.32 G - G 
Na7LaTa8O24 12.5 2.48 G - G 
Orthorhombic 
phase 
   
Na23LaTa24O72 4.17 2.71 X - G 
Na15LaTa16O48 6.25 2.68 S - G 
Na7LaTa8O24 12.5 2.73 X - G 
 
 
To further investigate the effect of La doping on the electronic structure of NaTaO3, the 
effective masses of excited electrons (𝑚𝑒∗) and empty holes (𝑚ℎ
∗) were calculated by 
parabolic fitting to the CBM and VBM, respectively, along (100), (010) and (001) 
directions in reciprocal space. The effective masses of electrons and holes for pristine 
and La-doped NaTaO3 are given in Table 3-3. For NaTaO3 and Na7LaTa8O24, 𝑚𝑒∗ and 
𝑚ℎ
∗  are equal along the three different directions since their unit cells are isotropic in 
these three directions. For Na23LaTa24O72 and Na15LaTa16O48, the unit cells are 
equivalent in 100 and 010 directions but differ in the 001 direction, which is reflected 
in the corresponding effective masses in each direction. Compared to pristine NaTaO3, 
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it can be seen that La doping significantly reduces both *em  and 
*
hm . The effect is 
more prominent at low-doping concentrations (Na23LaTa24O72 and Na15LaTa16O48) 
where *em   is reduced by about 0.9 free-electron mass, while for high-doping 
concentration (Na7LaTa8O24) it is reduced by 0.5 free-electron mass. Similar to the 
*
em , 
NaTaO3 with low and medium doping concentrations show relatively lower effective 
masses of holes *hm  , while the high-doping Na7LaTa8O24 shows higher 
*
hm  , which 
nevertheless is still significantly lower than the *hm   of pristine NaTaO3. For 
Na23LaTa24O72 and Na15LaTa16O48, which have non-isotropic unit cells, the effective 
masses in 100 and 010 directions are much smaller than in the 001 direction, therefore 
the mobility of carriers should be higher in the 100 and 010 directions than in the 001 
direction. This suggests that for non-isotropic Na23LaTa24O72 and Na15LaTa16O48 it 
might be possible to optimize the catalytic efficiency by selecting the surface on which 
catalysis is carried out. 
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Table 3-3 Effective masses of electrons ( *em ) and holes (
*
hm ) in the unit of free-electron 
mass for pristine cubic NaTaO3 and La-doped cubic NaTaO3. The values are obtained 
from parabolic fitting to the CBM and VBM along directions in the reciprocal space.  
Direction  100 010 001 
NaTaO3 
*
em   0.99 0.99 0.99 
 
*
hm  5.62 5.62 5.62 
Na23LaTa24O72 
(4.17% La) 
*
em  
0.03 0.03 1.11 
 
*
hm  0.11 0.11 2.25 
Na15LaTa16O48 
(6.25% La) 
*
em  
0.03 0.03 3.71 
 
*
hm  0.10 0.10 5.89 
Na7LaTa8O24 
(12.5% La) 
*
em  
0.49 0.49 0.49 
 
*
hm  0.18 0.18 0.18 
 
 
The effective masses of electrons and holes for La-doped orthorhombic NaTaO3 are 
listed in Table 3-4. The case of the orthorhombic phase is relatively more complicated 
compared to that of the cubic phase. Unlike the cubic phase, La doping has almost no 
influence upon the effective mass of electrons, regardless of the doping concentration, 
but it has an observable influence on the effective mass of holes at all doping 
concentrations. At low concentration, (Na23LaTa24O72) the effective mass of holes is 
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reduced in all directions. At the intermediate concentration, (Na15LaTa16O48) the 
effective mass of holes is comparable to that in pristine NaTaO3, while at high 
concentration, (Na7LaTa8O24) the effective hole mass is even greater than in pristine 
NaTaO3. Furthermore, since the orthorhombic unit cell of NaTaO3 has much lower 
symmetry compared to cubic unit cell, the effective masses of electrons and holes are 
much less uniform along the different directions. Hence the photocatalytic efficiency 
on different crystal surfaces is expected to be distinctly different, which could 
potentially be capitalized upon to improve catalytic efficiency. 
 
A comparison between the effective mass of holes for La-doped orthorhombic NaTaO3 
and the corresponding experimental H2 generation rates (from Ref[25]) are shown in 
Figure 3-4. Though the exact doping concentrations for the samples in the experiments 
are not the same as the doping concentrations in our calculations, strong correlation 
between the effective mass of holes and the photocatalytic efficiency is observed. Near 
a La doping concentration of ~4% the effective mass of holes reaches a minimum and 
this concentration corresponds to the highest H2 generation rate. If the La doping 
concentration is increased or decreased the effective hole mass increases and there is a 
corresponding decrease in the H2 generation rate. Since a decrease in carrier mass 
produces a corresponding increase in carrier mobility, decreased carrier mass is 
associated with facile separation of photogenerated electrons from their associated 
holes, thus decreasing the probability of their recombination and increasing their 
availability to carry out catalytic processes. It is therefore plausible that the observed 
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increased hydrogen generation at intermediate La doping concentration results from the 
decreased carrier mass.  
 
Table 3-4 Effective masses of electrons ( *em ) and holes (
*
hm ) in the unit of free-electron 
mass for pristine orthorhombic NaTaO3 and La-doped orthorhombic NaTaO3. The 
values are obtained from parabolic fitting to the CBM and VBM along directions in the 
reciprocal space. 
Direction  100 010 001 
NaTaO3 
*
em   0.06 0.06 0.05 
 
*
hm  0.38 0.48 0.23 
Na23LaTa24O72 
(4.17% La) 
*
em  
0.06 0.05 0.05 
 
*
hm  0.17 0.25 0.12 
Na15LaTa16O48 
(6.25% La) 
*
em  
0.06 0.05 0.04 
 
*
hm  0.38 0.37 0.21 
Na7LaTa8O24 
(12.5% La) 
*
em  
0.07 0.07 0.05 
 
*
hm  0.91 0.63 0.25 
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Figure 3-4 Comparison between the effective masses of electrons and holes for 
orthorhombic NaTaO3 at different La doping concentrations juxtaposed with the 
experimental H2 generation rates. The top three graphs show the effective masses for 
La-doped NaTaO3 in different directions. The bottom graph shows the H2 generation 
rate, which is taken as a proxy for the efficiency of La-doped NaTaO3 as a 
photocatalytic material. Experimental data is from Ref.[25] 
3.4 Discussion of the effect of La doping  
In order to gain insight into the effect of La doping upon the band structure of NaTaO3, 
comparisons between the k points in the reciprocal space and the unit cell in real space 
are shown in Figure 3-5 and Figure 3-7, respectively, for cubic and orthorhombic 
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structures. In these two structures, the k points can be separated into two different kinds: 
Na-adjacent k points such as the R and M points in the cubic structure and the G, and S 
points in the orthorhombic structure, as well as Na-distant k points such as the G and X 
points in the cubic structure and the X and Y points in the orthorhombic structure.  
 
Figure 3-5 Unit cell (left) and the first brillouin zone (right) for pristine cubic NaTaO3, 
with the Na in yellow, Ta in brown and O in red. The orange lobes show the p orbitals 
of O. In the first brillouin zone, the k-point path for the band structure is shown in red. 
 
In cubic NaTaO3, the band structures displayed in Figure 3-6 show that upon La-doping 
the relative potential of the valence bands near Na-adjacent k points is significantly 
reduced compared to the potential of the valance bands near  Na-distant k points. This 
results in the shift of the VBM from the R point (a Na-adjacent k point) to the G point 
(a Na-distant k point). From the projected density of states (PDOS) shown in Figure 
3-6, it can been seen that the VBM is dominated by O p orbitals. Since the R and M 
points are Na-adjacent, the O p orbitals have more interaction with the Na orbitals near 
these k points. Therefore, the VBM states near these Na-adjacent k points are more 
significantly influenced by the La doping on the Na sites when the La orbitals replace 
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the original Na orbitals. In contrast, for the Na-distant k points, due to the long distance 
between these k points and the Na sites, substitution of Na orbitals with La orbitals have 
less influence upon the O-2p dominated valance bands near these k points.  
 
Figure 3-6 Band structures and corresponding density of states of pristine cubic NaTaO3 
(top) and Na7LaTa8O24 (bottom). 
 
 
The influence of La-doping is somewhat different in orthorhombic NaTaO3. From the 
band structure and projected DOS shown in Figure 3-8, it can be seen that the valance 
bands are again dominated by O-2p orbitals, but there is much less dispersion than in 
the cubic material, (the bands are energetically flatter). The flatness of the bands near 
the VBM indicates that the O-2p orbitals interact weakly with the orbitals of the other 
elements present. While there is a slight lowering of the VBM at the Na-adjacent X and 
S k-points, the dominant effect of La-doping is a slight lowering of the entire valance 
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band, presumably due to the greater depth of the La potential well than that of the Na it 
replaces.  
 
 
 
 
Figure 3-7 Unit cell (left) and the first brillouin zone (right) for pristine orthorhombic 
NaTaO3, with the Na in yellow, Ta in brown and O in red. The orange lobes show the p 
orbitals of O. In the first brillouin zone, the k-point path for the band structure is shown 
in red. 
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Figure 3-8 Band structures and corresponding density of states of pristine orthorhombic 
NaTaO3 (top) and Na7LaTa8O24 (bottom). 
 
 
3.5 Conclusion 
Theoretical calculations reveal a strong relation between the doping and the electronic 
structures of both cubic phase and orthorhombic phase NaTaO3. In both phases, La 
doping increases the band gap, and furthermore La doping can even change the kind of 
band gap (direct versus indirect) for these semiconductors. For orthorhombic NaTaO3, 
which has a direct band gap when updoped, La doping can change the direct band gap 
into an indirect band gap. This is of particular value for improving photocatalytic 
efficiency because it decreases the probability of recombination of photogenerated 
electron-hole pairs. 
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The influence of La doping on the effective masses of electrons and holes in La-doped 
NaTaO3 was also investigated. In the cubic phase, the effective masses for both 
electrons and holes are significantly decreased with low-concentration La doping. As 
the doping concentration is increased the effective masses increase, but remain lower 
than in pristine cubic NaTaO3. For orthorhombic NaTaO3, the reduction in effective 
carrier mass is only observed at low-concentration doping. At high-concentration 
doping the effective masses are actually greater than in pristine NaTaO3. The calculated 
dependence of the effective mass of holes upon La-doping concentration in 
orthorhombic NaTaO3 shows remarkably strong correlation with the experimental 
photocatalytic hydrogen generation rate versus doping concentration. This suggests that 
effective carrier mass is a key characteristic in determining the efficiency of the catalyst 
and could be a very helpful metric to use in computational screening for potentially 
efficient photocatalytic materials. 
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4. The influence of oxygen vacancies and La doping on the surface structure of 
NaTaO3 
4.1 Introduction 
  
It has been observed that both the orthorhombic phase and monoclinic phase of NaTaO3 
exhibit more efficient in catalyzing the photodissociation of water, the monoclinic 
phase being relatively better[1,2]. The monoclinic phase NaTaO3 ( 2 /P m  with a = 
3.8995 Å, b = 3.8965 Å and c = 3.8995 Å and 90     and 90.15   [3]) as 
prepared by sol-gel synthesis shows non-regular particle shapes of small size ( 30 – 50 
nm). In small particles, the average migration distances to the surface for 
photogenerated electron-hole pairs are short. The shorter the migration distance to the 
surface, the greater the probability that the excited electron and empty hole will reach 
the surface, (where they can carry out reduction/oxidation) before recombination occurs. 
Smaller particles therefore exhibit higher photocatalytic efficiency. Smaller particles 
also possess a greater specific surface area, which also increases catalytic efficiency. In 
contrast, the orthorhombic-phase ( Pcmn  with a = 5.5213 Å, b = 7.7952 Å and c = 
5.4842 Å and 90       [4]) as prepared by solid-state synthesis shows 
relatively large size particles (2 – 3 μm). It has also been found that the orthorhombic 
particles from solid-state synthesis show a characteristic stepped-surface structure if 
they are treated by repeated calcination at high temperatures ( >1200 ℃) [2]. The high 
catalytic efficiency of large-particle-size orthorhombic-phase NaTaO3 is presumably 
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associated with the stepped-surface structure.  Although the typical particle size in 
monoclinic phase NaTaO3 is smaller than in orthorhombic phase, this difference does 
not completely explain the difference in catalytic activity. Line et al. reported that the 
specific surface area for the monoclinic phase is 38 times bigger than for the 
orthorhombic phase, but the activity of the monoclinic phase is 150 times bigger[5]. 
Clearly there are other factors in play. Another phase, cubic NaTaO3 ( 3Pm m  with a = 
b = c = 3.929 Å and 90      )[6] has been observed, which has a structure very 
similar to the monoclinic phase. To manage computational expense, the cubic phase 
NaTaO3 is studied here to simulate the monoclinic phase (vide infra) as it has been done 
in several previous investigations[7,1,8]. 
 
La doping is known to enhance the performance of some catalytic oxides[9] and it has 
also been observed that the photocatalytic efficiency of NaTaO3 for water splitting can 
be greatly increased by La doping[10]. La-doped NaTaO3 particles show a much 
smaller size than non-doped NaTaO3 particles, and more interestingly, the stepped-
surface structure discussed above is also observed in La-doped particles[10]. 
Measurements have shown that the La dopant atoms are concentrated near the surface 
of the particles and rarely exist inside the bulk[10]. It is therefore reasonable to 
speculate that the stepped-surface structure is closely related to the La dopants.  
 
Since the characteristic stepped-surface structure was observed in both La-doped 
NaTaO3 and non-doped NaTaO3 after high T calcination, we hypothesize that La doping 
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and high T calcination produce a common effect that favors the formation of stepped 
surfaces. We have carried out first-principles density functional theory (DFT) 
calculations of NaTaO3 bulk and surfaces to test this hypothesis. 
 
The formation of local atom vacancies is a very common phenomenon during crystal 
growth that can be encouraged by high temperature treatment. Since native atom 
vacancies can act upon the electronic structure much like single atom dopants, we 
investigated native vacancies and dopants to look for common effects. It is known that 
in NaTaO3, Na vacancies and O vacancies are relatively favored over Ta vacancies[7]. 
During the synthesis of NaTaO3 particles, whether via the solid-state process or the sol-
gel process, a huge excess amount of Na is present[10,5]. Since a Na vacancy is unlikely 
to occur in the presence of a huge excess Na, we are particularly interested in O 
vacancies in NaTaO3 surfaces. Similarly, since excess Na is present, the surface is more 
likely to have NaO-terminated than TaO2-terminated, hence this investigation focuses 
on the defects in NaO-terminated surfaces. High temperature treatment should favor 
the occurrence of O vacancies because high temperature greatly decreases the free 
energy of free O2 and drives the isolation of O2 from the solid surface. Numerous studies 
have shown that the La dopant prefers to substitute for a Na atom rather than a Ta 
atom[7,11]. Therefore, in this work, we investigated La-dopants at Na sites, O vacancies, 
and their interactions. 
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4.2 Computational method 
All electronic structure calculations and geometric optimizations reported here were 
based on density functional theory in the generalized gradient approximation (GGA) 
and were carried out with the Vienna ab initio simulation package (VASP)[12,13]. The 
Perdew-Burke-Ernzerhof functional as revised for solids(PBEsol)[14] was used here, 
except where otherwise noted. This functional has shown good reliability in both bulk 
and surface solid-state calculations[15,16]. A projected augmented-wave (PAW) basis 
set for electronic wavefunctions was employed. The electronic cut-off energy was set 
to 600 eV based on a convergence test. For calculations on bulk NaTaO3, a symmetrized 
6 6 6   Gamma-centered k-point grid was employed for geometry optimization and 
a 10 10 10   grid was employed for obtaining the electronic density of states (DOS). 
The cubic phase NaTaO3 ( 3Pm m  with a = b = c = 3.929 Å and 90      )[6] 
was considered in the present study because it is structurally very close to the 
monoclinic phase, which shows the highest photocatalytic efficiency[10,17]. The cubic 
phase differs from the monoclinic phase by just a slight monoclinic distortion, yet its 
theoretical description requires significantly less expensive calculations.  
 
For the simulation of a surface O defect and/or La doping, we used a 88-atom 
(Na20Ta16O52) ( 2 2 4   )-supercell with a 15-angstrom vacuum space exposing the 
(100) surface as shown in Figure 4-1(B). This cell is slightly non-stoichiometric, 
(having the stoichiometry Na1.25TaO3.25) but was chosen to produce a symmetric surface 
slab in order to annihilate the intrinsic polarity from the non-neutral Na(I)O and 
76 
 
Ta(V)O2 layers (vide infra). The Na1.25TaO3.25 stoichiometry has 0.25 Na atoms and 
0.25 O atoms more than a stoichiometric NaTaO3 unit, which introduces 1.25 extra 
electrons into the valance band and 1.5 extra valance band spin-orbitals for only 1.3% 
valance electron deficiency. Such a small electron deficiency is assumed to be 
negligible and the non-stoichiometric surface is assumed adequate to reliably predict 
the properties of the crystal surface. Calculation on slabs with more layers have also 
been carried out to test convergence. The results of these tests show these 9-layer slabs 
to be sufficiently thick to capture the surface behavior, as has been found in other similar 
oxide-surface investigations[18,19]. 
 
A 1 1 1   k-point grid (Gamma point only) was employed for geometry optimization 
and a 10 10 1   grid was employed for obtaining the electronic density of states. The 
geometry was relaxed until the Hellmann-Feynman force on each atom was reduced to 
<0.03 eV/Å. When we investigated the interaction between O vacancy and La dopant, 
only one O vacancy and one La dopant were incorporated into the slab model.  
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Figure 4-1 (A) Optimized unit cell of cubic-phase NaTaO3 with 3Pm m  symmetry. (B) 
Side view of the optimized (100) surface slab of cubic NaTaO3 with alternating NaO 
layers and TaO2 layers. Na atoms are depicted as yellow balls, Ta atoms as brown balls 
and O atoms as red balls. 
 
 
4.3 Results for bulk calculations 
NaTaO3 possesses a layered structure. It may be thought of as being composed of 
Na(I)O layers having a charge of -1/formula-unit and Ta(V)O2 layers having a charge 
of +1/formula-unit. Each Ta atom is octahedrally coordinated by oxygen and each 
oxygen atom in turn resides at the center of a square plane of Na atoms. The present 
calculation for bulk cubic NaTaO3 shows the lattice constant to be 3.983 Å, in good 
agreement with experimentally obtained value (3.929 Å )[6]. The calculated band gap 
of bulk cubic NaTaO3 was found to be 2.2 eV. This is 45% less than the experimental 
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value of 4.1 eV[5], which is a typical accuracy for GGA calculations[20]. The 
calculations predict cubic NaTaO3 to be an indirect semiconductor, which agrees with 
experimental measurements[5]. The indirect band gap reduces the probability of 
radiative recombination of photoexcited electron/hole pairs, which results in a longer 
life of excited electrons in conduction band and empty hole in valence band. This might 
be a reason why pure monoclinic NaTaO3, (which has a similar structure to the cubic 
phase and also has an indirect band gap) shows higher photocatalytic reactivity than the 
pure orthorhombic NaTaO3, which has a direct band gap[5]. The calculated total density 
of states (DOS) and angular-momentum-projected density of states (ADOS) are shown 
in Figure 4-2 and Figure 4-3, where it can be seen that the valence band is mainly 
composed of p states of O, and the conduction band mainly contains the d states of Ta.  
 
Figure 4-2 The DOS and PDOS of perfect cubic NaTaO3. The dashed line indicates the 
Fermi level. 
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Figure 4-3 Angular-momentum-projected density of states (ADOS) onto different states 
of Na, Ta and O atoms in bulk NaTaO3. 
 
 
 
Figure 4-4 Band structure of cubic NaTaO3. Results from a calculation employing the 
HSE06 functional are shown in blue with blue dashed lines showing the valence band 
maximum (VBM) and conduction band minimum (CBM). Result from a calculation 
employing the PBEsol functional are shown in red with red dashed lines showing the 
VBM and CBM. 
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Figure 4-4 shows the band structure of cubic NaTaO3. To validate the performance of 
the PBEsol functional, we compared the PBEsol band structure with the band structure 
as computed with the HSE06 hybrid functional. Results from the HSE06 calculation 
are shown in blue with blue dashed lines marking the VBM and CBM. Results from the 
PBEsol calculation are shown in red with red dashed lines marking the VBM and CBM. 
These two dispersions of the band structure are nearly parallel to each other, especially 
in the vicinity where both show an indirect band gap ( R G ). The major difference 
is that the CBM predicted by the HSE06 calculation is shifted upwards by about 1.5 eV, 
which makes the band gap predicted by the HSE06 calculation 3.7 eV. This result is 
much closer to the experimental values (4.1eV) than the 2.2eV band gap predicted by 
the PBEsol calculation. This band-gap underestimation is the major problem of all 
GGA-level calculations[20,21] due to the in-exact approximation of exchange-
correlation energy, which makes GGA calculation less reliable in predicting band gaps 
compared to its success in predicting lattice constants. Since the GGA(PBEsol) 
calculation and hybrid-functional(HSE06) calculation offer almost the same band 
structure irrespective of the band gap, the PBEsol functional is assumed sufficiently 
reliable for qualitative study of the electronic structure of NaTaO3. 
 
4.4 Calculations results for NaTaO3 surfaces 
Calculations were carried out to investigate the interaction between an O vacancy and 
a La dopant. Various arrangements of the La dopant and O vacancy are shown in Figure 
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4-5. In the present modeling, La dopants in all structures are located in the center of the 
surface layer as shown in the figure. The vacancies formed by removal of O1, O2, O3, 
and O4 are denoted VO1, VO2, VO3 and VO4, respectively. The distance between the La 
dopant and each of these vacancies is 2.8 Å, 2.8 Å, 4.8 Å, and 4.8 Å, respectively. 
Intuitively, a more distant O vacancy should have a smaller interaction with the La 
dopant. Calculations were performed on the same structures with an O vacancy but 
without a La dopant to study the influence of a La dopant on the electronic structure in 
the presence of an oxygen vacancy.  
 
 
Figure 4-5  Arrangement of La dopant and O vacancy in the (001) surface of cubic 
NaTaO3 (only the top two layers are shown). The La dopant is shown as purple ball. 
Four different O atom vacancies may be modeled by removing O1, O2, O3 or O4, 
respectively. O1 is in the top surface NaO layer; O2 and O3 are in the 2nd TaO2 layer in 
different sites; O4 is in the 3rd NaO layer. 
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Figure 4-6 Total DOS and ADOS for (001) surface of cubic NaTaO3 with different O 
vacancy and La dopant arrangements. A is for perfect (001) surface with NaO 
termination; B, C, D and E are for O vacancy in O1, O2, O3 and O4 sites without La 
dopant, while A’, B’, C’, D’ and E’ are the corresponding structures with a La dopant. 
The dashed lines mark the Fermi level. The ADOS are projected onto the Na s, Ta d, O 
p and La f states respectively. 
 
Figure 4-6 shows the total density of states (DOS) and angular-momentum-projected 
density of states (ADOS) for the (001) surface of cubic NaTaO3 (as shown in Figure 
4-5) with different O vacancy and La dopant arrangements. Figure 4-6 B, C, D, and E 
show the DOS for the slab with O vacancy in O1, O2, O3 and O4 site but without a La 
dopant (with the original Na atom), and Figure 4-6 B’, C’, D’, and E’ shows the DOS 
for the slab with O vacancy in O1, O2, O3 and O4 site and with La dopant as shown in 
Figure 4-5. According to the PDOS, the valence bands are composed mainly of O p 
orbitals with minor contributions from Ta d orbitals, while the conduction bands are 
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composed mainly of Ta d orbitals with minor contributions from O p orbitals. This result 
reveals the hybridization of Ta d orbitals and O p orbitals. Na has nearly no contribution 
towards the DOS in the region of the band gap. This is reasonable as the NaTaO3 lattice 
is formed from the TaO6-octahedra frames and the Na atoms are filled into the 
interstitial spaces between the octahedra, which means the distances between Na and O 
atoms are too great to have significant interactions. The contribution from La f orbitals 
mainly resides in the center of the conduction band and has no significant contribution 
near the band gap. An interesting phenomenon is that the coexistence of La dopant and 
O vacancy shifts the Fermi level into the conduction band, while the shape of the band 
remains essentially unchanged. As removing an O atom will remove available states in 
valence band and replacing Na with La will offer more valence electrons, under the 
influence of these two factors, the extra electrons must occupy the conduction band. 
This might negatively influence the photocatalytic efficiency of the material since there 
will be more free electrons that can decay from the conduction band into the valence 
band and recombine with an empty hole in the valence band. 
 
The calculations also reveal that the slabs turn into conductors after La doping in the 
presence of an O vacancy. This occurs because a La atom offers two more valence 
electrons than the Na atom for which it is substituting and some available states in 
conduction band are removed due to the O vacancy. The extra electrons shift into the 
conduction band hence the Fermi level is shifted into the conductive band. Such 
electron shifting should increase the energy of the structure and destabilize it.  
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To investigate the relative stability of the surface in the presence of a La dopant and O 
vacancy, the formation energy of an O vacancy ( formG ) can be calculated from the 
equation 
 
2
1
2
defecfo trm O perfectG G G     (4.1) 
where the 
2O
  is the chemical potential of free oxygen molecules, defectG  is the 
Gibbs free energy of the surface with an O vacancy and perfectG  is the Gibbs free energy 
of the perfect surface without an O vacancy. Since these surfaces have similar structures 
(there are only minor differences), the influence of temperature and pressure upon the 
Gibbs free energy should be approximately the same. If we only discuss the relative 
stability, it is therefore reasonable to use DFT total energy instead of the Gibbs free 
energy. Furthermore, the chemical potential of a free oxygen molecule depends only on 
the environment and is independent of the specific surface. Therefore, we use the DFT 
ground-state energy of an O2 molecule (-9.1726 eV), which corresponds to the upper 
limit of O2 chemical potential[22], to estimate these formation energies. Since these 
defect surfaces have exactly the same stoichiometry and almost the same structure, the 
influence of temperature and pressure on the formation energy should be essentially 
same for all surfaces, theses comparison should be valid in all conditions. The total 
energies and relative VO formation energies are listed in Table 4-1 
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Table 4-1 Relative oxygen vacancy formation energies for perfect and defective 
NaTaO3 (100) surfaces. 
Surfaces # of Na 
atoms 
# of Ta 
atoms 
# of O 
atoms 
# of La 
atoms 
Total energy 
(eV) 
formG  (eV) 
Perfect 
(100) 
surface A 
20 16 52 0 -711.7465  
Surface 
with VO1 B 
20 16 50 0 -701.1382 6.0 
Surface 
with VO2 C 
20 16 50 0 -701.2348 5.9 
Surface 
with VO3 D 
20 16 50 0 -701.2322 5.9 
Surface 
with VO4 E 
20 16 50 0 -701.0546 6.1 
La-doped 
perfect 
(100) 
surface A’ 
18 16 52 2 -733.4069  
La-doped 
VO1 B’ 
18 16 50 2 -715.6606 13.2 
La-doped 
VO2 C’ 
18 16 50 2 -715.5632 13.2 
La-doped 
VO3 D’ 
18 16 50 2 -715.0405 13.8 
La-doped 
VO4 E’ 
18 16 50 2 -714.3887 14.4 
 
For surfaces without a La dopant, the most stable O vacancy resides in configuration C 
where the O vacancy is in the TaO2 layer next to the surface NaO layer, while in the La-
doped surface, the most stable O vacancy is in configuration B’ where the O vacancy is 
in the top NaO layer. This means that once an O vacancy is created in La-doped particle, 
this O vacancy has the potential to migrate into the surface of the particle. Comparing 
the formG  values between the non-doped surfaces and La-doped surfaces, it can be 
predicted that the presence of a La dopant atom will increase the formation energy of 
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O vacancies and suppress their formation. Because the O vacancy can work as a 
recombination center for a free electron and empty hole, the suppression of O vacancies 
can help increase the life time of free electron and empty hole and increase the 
photocatalytic efficiency in the water splitting reaction. The positive formG  values 
indicate that the O vacancy can be formed intrinsically only if the chemical potential of 
O2 is sufficiently negative. Hence, increasing temperature, which decreases the 
chemical potential of O2, will increase the probability of forming O vacancies in the 
surface layer. Since the stepped-surface structure was observed both on La-doped 
NaTaO3 particles and high-temperature treated non-doped NaTaO3 particles, La 
dopants and O vacancies are expected to have some common effect on the surface 
structure of NaTaO3 particles. 
 
Table 4-2 Magnitudes of displacements of atoms at high-symmetry points in the (100) 
surface of NaTaO3 with O vacancy and La dopant compared to the perfect (100) surface. 
(100)-VO1 is with O vacancy at O1 site; (100)-La is with only La dopant; (100)-VO1-
La is with both O vacancy and La dopant. The values are shown in angstroms. 
 (100)-VO1 (100)-La (100)-VO1-
La 
Na-vertex 0.25 0.27 0.49 
Na-edge 0.25 0.29 0.48 
Na-center 0.25 0.49 (La) 0.50 (La) 
O-surface 0.020 0.43 0.49 
Ta-TaO2 0.037 0.33 0.20 
O-TaO2 0.49 0.32 0.23 
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Figure 4-7 This figure shows the distortions occurs in defect surfaces. Upper images – 
top view, lower images – side view. Vacancy positions are marked with a small box. 
The magnitude of the distortion of several atoms are listed in Table 4-2. 
 
 
The displacements of atoms in defective surfaces from their positions in the perfect 
structure show the distortion of the structure induced by the surface defect. Table 4-2 
lists the displacements of surface atoms due to an O vacancy and La dopant. In surfaces 
with only an O vacancy at the O1 site, the three adjacent Na atoms (two edge one vertex, 
see Table 4-2) are symmetrically equivalent, hence their distortions have the same 
length but with different directions. All of the Na atoms around the O vacancy move 
away from the O vacancy. When one neighboring O is removed, the interaction between 
the Na atom and the O in the other adjacent positions becomes stronger. Therefore, the 
Na atom moves towards an O atom and away from the O vacancy. In the surface with 
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only a La dopant, due to the presence of the La dopant atom, the symmetrical 
equivalence of the Na atoms is broken, hence their distortions diverge. The distortions 
produce strong interactions between the La dopant and the neighboring O atoms as the 
surface O atoms have relatively great distortions and all of them move towards the 
neighboring La dopant. The co-existence of an O vacancy and a La dopant exaggerates 
such distortions as almost all atoms have greater displacements except for the Ta and O 
atoms in TaO2 layer.   
 
Figure 4-8 Structural distortion of a La-doped surface without O vacancy (A) and non-
doped surface with O vacancy (B). Blue lines indicate the zig-zag distorted alignment 
of O atoms in the defective surfaces. 
 
 
From the side view of the optimized La-doped surface without any O vacancy and the 
non-doped surface with an O vacancy, (shown in Figure 4-8) the distorted alignment of 
atoms can be clearly seen. An interesting common distortion is the zig-zag alignment 
of O atoms as highlighted by the blue lines. Such zig-zag distortion expands and shrinks 
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the local lattice parameters, which will almost certainly affect the future growth of the 
particle. When a La dopant or O vacancy resides in the surface layer during the growth 
of surface, a zig-zag distortion will be induced onto the surface layer. In the presence 
of this zig-zag distortion the new surface layer can be shifted into a higher level, (as 
shown in Figure 4-9) resulting in a step on the surface layer. This is a plausible 
explanation for the characteristic stepped-surface structure of the La-doped NaTaO3 
particles. When NaTaO3 particles are treated at high temperature, the high temperature 
can decrease the chemical potential of free O2 [19] and increase the probability of O 
vacancies in the lattice, which also results in the zig-zag distortion.  
 
 
Figure 4-9 The scheme for possible growth direction of particle surface in the presence 
of the zig-zag distortion. 
 
To test the validity of the conclusion that the presence of either a La dopant or O 
vacancy causes zig-zag distortion, calculations were carried out in which the La dopant 
was replaced with a Na atom, the O vacancy was filled with an O atom and the structure 
re-optimized. In all cases, the re-optimized surface returned to the structure of the 
optimized non-defective surface shown in Figure 4-1(B), which shows a correlation 
between the zig-zag distortion and the presence of a La dopant and/or O vacancy. This 
strong correlation demonstrates that zig-zag distortions result from the presence of a La 
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dopant and/or O vacancy and are not simply metastable structures resulting from 
incomplete optimization.  
 
4.5 Conclusion 
In this chapter, the effect of La dopants and O vacancies on the structure cubic NaTaO3 
surfaces has been investigated. Neither a La dopant nor O vacancy produces any 
appreciable change in the electronic structure of the surface, as the contribution from 
La states only resides high in the conduction band. In contrast, the coexistence of a La 
dopant and oxygen vacancy shifts the Fermi level into the conduction band and renders 
the particles metallic.  
 
Formation energy calculations show that the O vacancy formation energy is positive, 
hence O vacancies can only occur under very negative chemical potential of O2, for 
example at high temperature. Additionally, it was found that the presence of a La dopant 
increases the formation energy of O vacancies and therefore presumably suppresses 
their formation. 
 
Optimized La-doped NaTaO3 surfaces and O-vacancy containing surfaces show a 
similar zig-zag distortion of the original regular flat atom layers seen in non-defective 
surfaces. Such zig-zag distortion shrinks and expands the lattice parameter in the region 
neighboring the La dopant and O vacancy. Since such zig-zag distortion is a common 
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effect of La-doping and oxygen vacancies, it is plausibly the cause of the characteristic 
stepped-surface structures observed in the La-doped NaTaO3 particles and high-T 
treated non-doped NaTaO3 particles.  
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5 Empirical correction for PM7 band gaps of transition-metal oxides 
5.1 Introduction 
 
The magnitude of the band gap is a metric of central importance for semiconductor 
materials as the band gap strongly influences the electronic, optical and catalytic 
properties of a semiconductor. Consequently, almost since the inception of solid state 
theory there has been sustained interest in the accurate prediction of band gaps, and 
correspondingly in understanding the failures and limitation of approximate theoretical 
methods for band gap prediction. Generally, a reliable theoretical prediction of a band-
gap value can only be obtained from a high-level, correlated electronic structure 
calculation as is offered by the GW method[1] or Density Functional Theory with 
hybrid functionals[2]. Such calculations are without exception very computationally 
expensive[3]. Beneath this level, neither the Hartree-Fock (HF) method nor density 
functional theory (DFT) with the local density approximation (LDA) or generalized 
gradient approximation (GGA) to the exchange-correlation energy can reliably predict 
semiconductor band gaps. Furthermore, though these methods are relatively faster than 
GW, they are still costly to apply to large systems[4] (large = requiring a large unit cell 
to represent the material). Despite of their computation time in the magnitude of several 
hours and even several days, DFT and HF level calculations would still give band gaps 
with -100% to +100% errors, and even more, for semiconductors[5-7]. Therefore, there 
continues to be interest in methods to estimate the band gap of semiconductors at low 
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computational expense. 
 
Semi-empirical electronic structure methods have been developed as a simplification 
of the HF method by replacing certain complex integrals in the HF procedure by 
empirical and experimental parameters, which can greatly reduce the computation time. 
Pople initiated the development of a family of semi-empirical methods originating with 
the neglect of diatomic differential overlap (NDDO) method[8,9], which was 
eventually followed by the modified neglect of differential overlap (MNDO) 
method[10,11] from Dewar and Thiel. Subsequently, a lot of modifications have been 
developed based on this NDDO formalism, such as AM1[12], PM3[13,14], PM6[15], 
etc. The newest method in the family is the PM7 method, which was intended to expand 
the range of applicability and increase accuracy over its predecessors[16]. Compared 
to the previous PM6 method, the PM7 method shows 5% and 10% less average 
unsigned errors in the prediction of geometry and formation enthalpy of gas-phase 
organic systems respectively, while for organic solids, the errors are reduced by 33% 
and 60% respectively[15]. This substantial improvement renders the PM7 method a 
reliable calculation tool in organic chemistry[17].  
 
Considering the efficiency of the PM7 method, it would be very useful if it could be 
applied to investigate the band gaps of semiconductors. Unfortunately, the PM7 method 
fails dramatically in this role. Both the nature of its parameterization and the HF method 
upon which it is based contribute to the lower accuracy of this semi-empirical method 
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for band-gap prediction. Not only are the errors typically large, (on the order of several 
eV), but they appear to be capricious in their distribution and therefore not rectified by 
the application of a simple scissors operator.  Herein we apply correlation analysis to 
reveal some order behind this apparent capriciousness, then use that insight to develop 
an empirical correction to the PM7 method that increases its accuracy in the prediction 
of band gaps of semi-conductors by a factor of three.  
 
5.2 Computation method and results 
5.2.1 PM7 semi-empirical method 
All PM7 calculations reported here were carried out with the semi-empirical quantum 
chemistry program, Molecular Orbital PACkage (MOPAC)[16]. Since MOPAC only 
computes the secular determinant at the Gamma point, all transition-metal oxides 
considered here have been modeled with a supercell containing several primitive unit 
cells as the gamma point is sufficient to specify the entire Brillouin zone if the unit cell 
is sufficiently large[18,19]. The calculations have been done in two steps. First, a full 
geometric optimization was carried out on the transition-metal oxide with the PM7 
method, and then a single-point PM7 calculation was carried out at the optimized 
structure to obtain the eigenvalues of the electronic states as well as the atomic charges 
for both the metal cations and the O anions. The band gaps were estimated by the 
difference between the highest occupied molecular orbital (HOMO) and the lowest 
unoccupied molecular orbital (LUMO).  
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5.2.2 Binary transition-metal oxides 
Table 5-1 reports the results of calculations for binary transition-metal oxides (MxOy). 
In most oxides, the PM7 method overestimates the band gap, as does the Hartree-Fock 
method upon which it is based. (See also Table 5-11 below.) The PM7 method is based 
on Hartree-Fock method but employs empirical parameters to simplify the calculations, 
hence it is reasonable that PM7 would have behavior similar to that of the Hartree-Fock 
method, which also overestimates the band gap for semi-conducting metal oxides. It 
should be noted that different sources sometimes give slightly different values for the 
bang gap, especially when different experimental techniques are employed [20]. Here 
only one band-gap value is reported for each oxide with no estimate of the error because, 
in general, there is insufficient data to determine a reliable experimental standard 
deviation. (See Supplementary material.)  
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Table 5-1 PM7 and experimental band gaps for binary transition-metal oxides (MxOy). 
The last two columns give the atomic charges for the metal cation (M) and O anion (O) 
respectively. 
  PM7 
band gap 
(eV) 
Exp. 
Band gap 
(eV) 
PM7 
error (eV) 
M  
charge 
(e) 
O  
charge 
(e) 
Sc2O3 5.15 6.30[21] -1.15 2.10 -1.40 
Ti2O3 2.92 0.10[22] 2.82 0.52 -0.35 
TiO2 
anatase 
7.68 3.20[23] 4.48 1.11 -0.55 
TiO2 rutile 5.94 3.00[24] 2.94 1.15 -0.57 
TiO2 
brookite 
6.64 3.30[24] 3.34 1.08 -0.54 
Ti3O5 3.53 0.14[25] 3.39 0.66 -0.40 
V2O3 5.86 0.50[26] 5.36 0.20 -0.13 
Cr2O3 5.61 3.50[27] 2.11 1.08 -0.72 
MnO 4.05 3.70[28] 0.35 0.25 -0.25 
Mn2O3 3.81 1.20[29] 2.61 0.62 -0.42 
MnO2 4.03 2.40[30] 1.63 0.94 -0.47 
Fe2O3 4.83 2.20[31] 2.63 1.02 -0.68 
CoO 4.52 2.50[32] 2.02 0.94 -0.94 
Co3O4 4.90 1.60[33] 3.30 1.24 -0.93 
NiO 4.20 4.00[34] 0.20 -1.90 1.90 
Y2O3 6.17 5.60[35] 0.57 1.77 -1.20 
Nb2O5 7.95 3.40[36] 4.55 1.42 -0.57 
MoO3 8.55 3.10[37] 5.45 1.86 -0.62 
RuO2 3.01 2.40[38] 0.61 2.13 -1.07 
Rh2O3 4.92 1.22[39] 3.70 1.67 -1.12 
CdO 6.99 2.16[40] 4.83 0.82 -0.82 
 
5.2.3 Ternary transition metal oxides: 
Table 5-2 shows the results of PM7 calculations for ternary metal oxides (AxByOz). For 
the ternary transition-metal oxides considered here, the PM7 method overestimates the 
band gaps similar to the case of binary oxides, except in the case of BaTiO3. That 
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BaTiO3 is special is possibly due to the heavy Ba atom, which has a large number of 
electrons and complex orbitals, for which the basis set in MOPAC is likely not well 
optimized. 
 
Table 5-2 PM7 and experimental band gaps for ternary transition-metal oxides 
(AxByOz). The last three columns give the atomic charges for the A-site cation (A), B-
site cation (B), and O anion (O) respectively. 
 PM7 
band gap 
(eV) 
Exp. 
band gap 
(eV) 
PM7 
error 
(eV) 
A 
charge 
(e) 
B 
charge 
(e) 
O 
charge 
(e) 
BaTiO3 2.69 3.20[41] -0.51 0.72 1.55 -0.76 
CaTiO3 5.99 3.50[42] 2.49 1.40 0.91 -0.77 
SrTiO3 7.42 3.20[41] 4.22 1.77 0.82 -0.87 
FeTiO3 3.86 2.50[43] 1.36 1.11 0.85 -0.65 
FeMoO4 6.20 1.70[44] 4.50 0.89 1.90 -0.70 
FeWO4 4.17 2.40[45] 1.77 1.08 2.05 -0.78 
ZnWO4 7.56 4.20[46] 3.36 0.89 1.71 -0.65 
LaMnO3 5.18 1.10[47] 4.08 1.86 0.61 -0.82 
LaFeO3 5.53 2.10[47] 3.43 1.73 0.92 -1.06 
YFeO3 6.07 2.43[48] 3.64 1.64 1.43 -1.02 
LiNbO3 5.36 3.78[49] 1.58 0.63 1.23 -0.62 
 
 
 
 
5.3 Error source analysis 
In order to investigate the source of error in prediction of the band-gap by PM7, we 
have analyzed various possible correlating factors. Both PM7 calculation results and 
experimental properties were considered. To evaluate the likely contribution of each 
factor to the band-gap error, the correlation between each factor and the band-gap error 
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was computed. The results of this analysis are listed in Table 5-3.  
 
From the correlation coefficients, it can be seen none of the factors considered are very 
strongly correlated to the error in the band gap as computed with PM7. The values of 
the difference between the highest occupied and lowest unoccupied atomic orbitals 
(HOO & LUO) of the free metal atoms have the highest correlation (0.55). This 
principally tells us that, in general, the larger the gap, the bigger the error, but the 
correlation is weak. The next two strongest correlations belong to the M oxidation state, 
and the energy of the LUO. The latter tells us essentially the same thing as the 
correlation of the HOO-LUO gap, but the former does hold a hint of greater insight. 
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Table 5-3 Error source analysis for PM7 band gaps. The columns with italic type report data from PM7 calculations while the others 
columns report experimental values. 
  PM7 
error 
(eV) 
M 
charge 
(e) 
O 
charge 
(e) 
M  
HOO 
(eV) 
M 
LUO 
(eV) 
LUO-HOO 
(eV) 
MO 
bond 
length 
(ang) 
M  
oxidation 
state 
(ang) 
M 
#d 
electrons 
1st 
ionization 
energy of M  
(eV)[50-52] 
Sc2O3  --1.15 2.10 -1.40 -5.23 0.85 6.08 2.07 3.00 1.00 6.56 
Ti2O3 2.82 0.52 -0.35 -9.71 -2.91 6.80 2.21 3.00 2.00 6.83 
TiO2 
anatase  
4.48 1.11 -0.55 -9.71 -2.91 6.80 1.98 4.00 2.00 6.83 
TiO2 
rutile 
2.93 1.15 -0.57 -9.71 -2.91 6.80 2.01 4.00 2.00 6.83 
TiO2 
brookite 
3.34 1.08 -0.54 -9.71 -2.91 6.80 2.02 4.00 2.00 6.83 
Ti3O5 3.39 0.66 -0.40 -9.71 -2.91 6.80 2.14 3.33 2.00 6.83 
V2O3 5.36 0.20 -0.13 -7.00 0.90 7.90 2.01 3.00 3.00 6.75 
Cr2O3 2.11 1.08 -0.72 -6.83 2.42 9.24 2.14 3.00 5.00 6.77 
MnO 0.35 0.25 -0.25 -12.76 -5.72 7.04 2.35 2.00 5.00 7.43 
Mn2O3 2.61 0.62 -0.42 -12.76 -5.72 7.04 2.15 3.00 5.00 7.43 
MnO2 1.63 0.94 -0.47 -12.76 -5.72 7.04 2.01 4.00 5.00 7.43 
Fe2O3 2.63 1.02 -0.68 -9.00 -5.02 3.98 1.82 3.00 6.00 7.45 
CoO 2.02 0.94 -0.94 -9.64 -1.50 8.14 2.03 2.00 7.00 7.88 
Co3O4 3.30 1.24 -0.93 -9.64 -1.50 8.14 1.97 2.67 7.00 7.88 
NiO 0.20 -1.90 1.90 -6.04 -3.05 2.99 1.87 2.00 8.00 7.64 
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  PM7 
error 
(eV) 
M 
charge 
(e) 
O 
charge 
(e) 
M  
HOO 
(eV) 
M 
LUO 
(eV) 
LUO-HOO 
(eV) 
MO 
bond 
length 
(ang) 
M  
oxidation 
state 
(ang) 
M 
#d 
electrons 
1st 
ionization 
energy of M  
(eV)[50-52] 
           
Y2O3 0.57 1.77 -1.20 -6.68 -1.87 4.81 2.32 3.00 1.00 6.22 
Nb2O5 4.55 1.42 -0.57 -8.87 -1.03 7.83 1.98 5.00 4.00 6.76 
MoO3 5.45 1.86 -0.62 -6.97 2.61 9.59 1.88 6.00 5.00 7.09 
RuO2 0.61 2.13 -1.07 -8.09 -4.19 3.90 2.10 4.00 7.00 7.36 
Rh2O3 3.70 1.67 -1.12 -8.15 -3.58 4.57 2.02 3.00 8.00 7.46 
CdO 4.83 0.82 -0.82 -9.22 3.71 12.93 2.28 2.00 10.00 8.99 
correlation 
coefficient 
 0.07 -0.05 -0.09 0.37 0.55 -0.23 0.41 0.12 0.16 
 
1 
5.4 Empirical correction method 
As discussed above, preliminary correlation analysis failed to reveal any single factor 
with a strong correlation to the error in the PM7 prediction of the band gap. Greater 
insight was found by plotting the error in the band gap versus atomic number. As shown 
in Figure 5-1, among the first-row transition-metal oxides (from Sc to Ni), the PM7 
band-gap errors minimize in the beginning of the row (Sc), reach a local maximum at 
V, then decrease to another local minimum at Mn. The errors continue to increase with 
increasing atomic number, but reach another minimum at Ni. The same trend is very 
roughly repeated among the second row TM oxides. From this observation, it is 
reasonable to assume that the magnitude of the error depends on the number of d 
electrons in the transition metal, where empty, half-occupied, and fully-occupied metal 
d-shell orbitals are associated with minimum errors. Therefore we introduce a 
correction parameter here, 
 min( , 5 , 10 )P S S S     (5.1) 
where, 
 
 S d C     (5.2) 
in which the d is the number of d electrons in the free transition-metal atom and C is 
the atomic charge of the transition metal in the oxides as obtained from PM7 
calculations (MOPAC charges). P is the correction parameter, which is the minimum 
value of the absolute values of S , 5S   and 10S  .  
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Figure 5-1 PM7 band gap errors for binary transition-metal oxides. The first-row 
transition-metal oxides (from Sc2O3 to NiO) are denoted empty orange circles with 
dashed lines, and the solid blue squares with solid lines represent the second-row 
transition-metal o 
 
The PM7 band-gap errors can be expressed as a linear function of this correction 
parameter P. For binary transition-metal oxides, the best linear fit of the PM7 band-gap 
error is, 
 1.22 1.71rE P     (5.3) 
and the corrected band gap (𝐸𝑏𝑔
𝑐𝑜𝑟𝑟) may be expressed as 
 7corrbg r
PM
bgE E E    (5.4) 
The coefficient 1.22 represents an average constant contribution to the error in PM7 
predictions of the band gap, while the coefficient 1.71 quantifies the dependency of the 
PM7 error on the P parameter. The values for the fitting error and the corrected PM7 
band gaps for binary transition-metal oxides are listed in Table 5-4.  
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It is interesting to consider possible reasons for the observed correlation of lower error 
with filled or half-filled subshells. When an extra electron is added to an atom 
possessing a filled or half-filled subshell, this extra electron must fill a new level with 
significantly higher energy. This means that the nearest adjacent state is widely 
separated in energy from the ground state and hence the electronic structure is likely to 
be dominated by a single configuration. For atoms that do not possess filled or-half 
filled subshells, the adjacent states are generally closer in energy to the ground state 
and the electronic structure description is less likely to be adequately described by a 
single Slater determinant. Given that HF theory, upon which PM7 is based, employs a 
single Slater determinant, the observation that PM7 more reliably describes the 
electronic structure in cases of empty, half-occupied and fully-occupied subshells is 
understandable. 
 
It is also interesting that the P parameter has relatively high correlation to the LUO-
HOO values (0.37) and to the oxidation states of metals (0.41) as listed in Table 5-1. 
This explains the observed correlation of the LUO-HOO values and oxidation states to 
the PM7 band-gap errors. 
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Table 5-4 Corrected PM7 band gaps for binary transition-metal oxides and their errors. 
 PM7 
errors  
(eV) 
P   
rE   
 
(eV) 
corr
bgE   
 
(eV) 
errors 
after 
correction 
(eV) 
Sc2O3 -1.15 -1.10 -0.67 5.82 -0.48 
Ti2O3 2.82 3.48 3.75 -0.83 -0.93 
TiO2 
anatase 
4.48 0.90 2.75 4.92 1.72 
TiO2 
rutile 
2.93 0.84 2.66 3.28 0.28 
TiO2 
brookite 
3.34 0.92 2.80 3.84 0.54 
Ti3O5 3.39 1.34 3.52 0.01 -0.13 
V2O3 5.36 2.20 4.98 0.87 0.37 
Cr2O3 2.11 1.08 3.07 2.53 -0.97 
MnO 0.35 0.25 1.65 2.40 -1.30 
Mn2O3 2.61 0.62 2.29 1.52 0.32 
MnO2 1.63 0.94 2.83 1.20 -1.20 
Fe2O3 2.63 0.02 1.26 3.57 1.37 
CoO 2.02 1.06 3.03 1.49 -1.01 
Co3O4 3.30 0.76 2.51 2.39 0.79 
NiO 0.20 0.10 1.40 2.80 -1.20 
Y2O3 0.57 -0.77 -0.09 6.26 0.66 
Nb2O5 4.55 2.42 5.37 2.58 -0.82 
MoO3 5.45 1.86 4.40 4.15 1.05 
RuO2 0.61 0.13 1.45 1.56 -0.84 
Rh2O3 3.70 1.33 3.49 1.43 0.21 
CdO 4.83 0.82 2.63 4.36 2.20 
RMS 3.19       1.01 
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Figure 5-2 Comparison between calculated band gaps and experimental band gaps for 
binary oxides. The orange crosses are for corrected PM band gaps while the blue 
squares are uncorrected values. The orange crosses fall closer to the diagonal dashed 
line, showing an overall improvement of the accuracy of calculated values. 
 
 
With this correction, the rms of the error is reduced from 3.19 eV to 1.01 eV, which 
means this empirical correction significantly improves the power of PM7 for predicting 
band gaps, (by ~ x3). Sc2O3 and Y2O3 appear to be special cases. Their correction 
parameter P is negative, but the correction would be much better if their negative P 
were positive with the same magnitude. It is interesting to note that Sc and Y have a 
difference from all other transition metals listed above, they each have only 1 d electron 
while their atomic charges are both higher than 1(as shown in Table 5-1), indicating 
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that non-d-shell electrons are involved in bonding. This unique characteristic might 
result in such different corrections. 
 
For the ternary transition-metal oxides listed in Table 5-2, the correction cannot be 
written simply as equation (5.3), since both the A-site metal and B-site metal contribute 
to the electronic structure and in principle both of them could influence the band gap. 
Since the A-site need not be occupied by a transition metal, equation (5.3) cannot be 
applied to the A-site metals. We therefore employ the atomic charge of A-site atoms 
directly, but for B-site atom we still apply the correction parameter P. The PM7 band-
gap errors for ternary transition-metal oxides are found to fit the expression 
 3.33 3.55 1.34r A BE C P        (5.5) 
where the AC  is the atomic charge for the A-site atom and BP  is the correction 
parameter for the B-site atom obtained in the same way as for equation (5.1). The 
values for the fitting error and the corrected PM7 band gaps for ternary transition-metal 
oxides are listed in Table 5-5.  
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Table 5-5 Corrected PM7 band gaps for tertiary transition-metal oxides and their errors. 
 PM7 
errors 
(eV) 
rE  
 
(eV) 
corr
bgE  
 
(eV) 
errors 
after 
correction 
(eV) 
BaTiO3 -0.51 -0.57 3.26 -0.35 
CaTiO3 2.49 2.84 3.15 -0.59 
SrTiO3 4.22 4.29 3.14 -0.31 
FeTiO3 1.36 1.94 1.92 -0.79 
FeMoO4 4.50 2.40 3.80 2.14 
FeWO4 1.77 3.16 1.01 -1.35 
ZnWO4 3.36 3.06 4.50 0.46 
LaMnO3 4.08 3.67 1.51 -0.01 
LaFeO3 3.43 2.32 3.22 0.53 
YFeO3 3.64 2.59 3.48 0.58 
LiNbO3 1.58 2.05 3.31 -0.31 
rms 3.09     0.88 
 
 
For ternary transition-metal oxides, the rms error is also significantly reduced by the 
correction, from 3.09 eV to 0.88 eV, (again by a factor of ~ x3). It is interesting to note 
that for the ideal cubic perovskites, the errors are reduced more significantly, to around 
0.06 eV in the cases of BaTiO3 and SrTiO3. The ideal cubic perovskites have highly 
symmetric structures and their brillouin zone is also highly symmetric. As discussed 
before, since MOPAC only calculates the gamma point, if the brillouin zone has higher 
symmetry, the single gamma point can better describe the entire brillouin zone. This 
may contribute to the accuracy with which the band gap is predicted by PM7 (with 
correction) for the ideal cubic perovskites having highly symmetric structures. To test 
this hypothesis, the band gaps of cubic and orthorhombic NaTaO3 were computed with 
different supercells (shown in Table 5-6). In both cases the computed band gap was 
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closer to the experimental value for the larger supercells and the errors for cubic phase 
with higher symmetry are overall smaller than the errors for orthorhombic phases.  
 
 
 
Figure 5-3 Comparison between calculated band gaps and experimental band gaps for 
ternary oxides. The orange crosses are for corrected PM band gaps while the blue 
squares are for uncorrected values. Note the substantial improvement due to the 
correction, as revealed by the fact that the orange dots fall much closer to the diagonal. 
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Table 5-6 Uncorrected and corrected PM7 band gaps for NaTaO3 in different phases. 
Phase supercell 
size 
PM7 band 
gaps (eV) 
corr
bgE  (eV) 
exp. Band gaps 
(eV) 
cubic 2*2*2 7.92 6.13 4.0[53] 
 3*3*3 6.06 4.12  
 4*4*4 5.64 3.81  
orthorhombic 1*1*1 7.65 6.00 4.1[53] 
 2*1*1 6.56 4.82  
 2*2*1 6.60 4.70  
 
 
In summary, the correction term for transition-metal oxide can be written as 
 0 A A B BCE P       (5.6) 
and, 
 min( , 5 , 10 )BP S S S     (5.7) 
 B BS d C    (5.8) 
where the 0  is a constant, A  and B  are parameters obtained from linear fitting, 
AC  and BC  are atomic charges for A-site metal and B-site metal cations respectively, 
(for binary oxide, only one kind of metal exists and is considered here to be a B-site 
metal), and Bd  is the number of d electrons for free B-site metal atom. The values for 
each parameter are listed below 
 
Table 5-7 The correction parameters for binary oxides and ternary oxides 
 Binary TM oxide Ternary TM oxide 
0   
1.22 -3.33 
A   
0 3.55 
B   
1.71 1.34 
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To validate the predictive power of such corrections, we applied equation (5.5) to some 
other oxides. The uncorrected PM7 band gaps and corrected ones are listed Table 5-8. 
The rms error is reduced from 3.37 eV to 1.14 eV, (once again, by a factor of ~ x3). 
This significant reduction in the rms error for cases not involved in the fitting suggests 
this correction method is valid for oxides other than those listed in Table 5-2.  
 
Unlike BaTiO3 and SrTiO3, which have band-gap errors as low as 0.06 eV after 
correction, PbTiO3, which also has an ideal cubic perovskite structures, still has 1.95 
eV error after correction. This relatively high error might come from the Pb, which is a 
heavy atom with very dispersive electron orbitals that are likely not well described by 
the semi-empirical basis set. Nevertheless, 1.95 eV error still represents a huge 
improvement over the 6.0 eV error before correction. 
 
To further test the robustness of the empirical correction, a random sampling test was 
carried out by randomly removing 5 samples from the set and re-fitting the coefficients 
in the empirical correction. This test was done 10 times for both the binary-oxide set 
and ternary-oxide set, separately. The test results are listed in Table 5-9 and Table 5-10. 
For the binary case, the averaged values of the parameters N  and Be   are 1.37 and 
1.43 with standard deviations of 0.10 and 0.24 respectively, while in equation (5.3) 
these two values are 1.22 and 1.71, which lie within the 1  confidence region. In the 
ternary case, the original parameters ( 0 , A  and B ) as -3.33, 3.55 and 1.34 also lie 
within the 1  confidence region as determined by the random sampling tests. These 
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results show that the fitting parameters are robust and transferable. 
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Table 5-8 Application of the band-gap correction to other ternary oxides. 
 PM7 band 
gaps 
(eV) 
Exp band 
gaps 
(eV) 
PM7 
errors 
(eV) 
AC  BC  BP  rE  (eV) 
corr
bgE (eV) 
Corrected 
errors 
(eV) 
PbTiO3 9.40 3.40[41] 6.00 1.69 0.79 1.21 4.05 5.35 1.73 
MnTiO3 3.40 3.18[54] 0.22 0.52 0.55 1.45 0.38 3.02 -0.24 
Mg2TiO4 5.39 4.00[55] 1.39 1.09 0.99 1.01 1.64 3.75 -0.50 
MgTiO3 5.79 3.07[56] 2.72 1.09 1.03 0.97 1.58 4.21 0.88 
rms     3.37           1.01 
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Table 5-9 Results of a random sampling test for binary transition-metal oxides. 
 
0  B   
test1 1.42 1.70 
test2 1.35 1.84 
test3 1.47 1.48 
test4 1.38 1.24 
test5 1.32 1.69 
test6 1.40 1.25 
test7 1.23 1.26 
test8 1.38 1.76 
test9 1.27 1.34 
test10 1.31 1.22 
Mean. 1.35 1.48 
Std. 0.07 0.25 
 
 
Table 5-10 The random sampling test for ternary tansition-metal oxides. 
 
0   A   B   
test1 2.28 -3.06 -1.14 
test2 3.61 -3.39 -1.68 
test3 4.80 -4.16 -2.21 
test4 3.46 -3.28 -1.85 
test5 3.52 -4.01 -0.99 
test6 4.97 -3.98 -2.15 
test7 3.28 -3.15 -1.83 
test8 1.90 -2.82 -0.95 
test9 2.83 -2.88 -2.01 
test10 3.19 -3.76 -1.61 
Mean. 3.38 -3.45 -1.64 
Std. 0.96 0.49 0.47 
 
From Table 5-4, Table 5-5, and Table 5-8, it can been seen that despite having different 
oxides, the rms errors are all reduced about three-fold, from ~ 3 eV to ~ 1 eV. As 
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discussed above, the PM7 method is a simplified approximation to the HF method. It 
is therefore reasonable to assume that the factors leading to errors in HF calculations of 
the band gap will still be present in PM7 calculations. In an effort to distinguish errors 
due to HF from errors introduced by the PM7 parameterization, HF calculations were 
carried out for the binary transition-metal oxides considered here to obtain their HF 
band gaps. (See Table 5-11.) The low correlation between the HF errors and the PM7 
errors (both corrected and uncorrected) suggests there is not obvious relation between 
the HF band gaps and PM7 band gaps. The remaining ~1 eV averaged error in corrected 
PM7 band gaps is therefore likely not due to PM7 being and approximation to the HF 
method but more probably has its roots in the PM7 approximation/parameterization.  
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Table 5-11 The HF band gaps for binary transition-metal oxides. To compare HF results 
with PM7 results, the errors before and after correction for PM7 band gaps are also 
listed. The correlation between HF errors and PM7 errors is listed in the final row. 
 HF band 
gaps (eV) 
HF errors 
(eV) 
PM7 
errors(eV) 
PM7 errors 
after 
correction (eV) 
Sc2O3 15.10 8.80 -1.15 -0.48 
Ti2O3 6.07 5.97 2.82 -0.93 
TiO2 
anatase 
15.09 11.89 4.48 1.72 
Ti3O5 12.98 12.84 3.39 -0.13 
V2O3 11.62 11.12 5.36 0.37 
Cr2O3 10.77 7.27 2.11 -0.97 
MnO 16.28 12.58 0.35 -1.30 
Mn2O3 15.38 14.18 2.61 0.32 
MnO2 11.60 9.20 1.63 -1.20 
Fe2O3 12.73 10.53 2.63 1.37 
Co3O4 14.72 13.12 3.30 0.79 
NiO 15.18 11.18 0.20 -1.20 
Y2O3 13.61 8.01 0.57 0.66 
Nb2O5 12.53 9.13 4.55 -0.82 
MoO3 13.28 10.18 5.45 1.05 
RuO2 14.51 12.11 0.61 -0.84 
Rh2O3 13.21 11.99 3.70 0.21 
CdO 10.67 8.51 4.83 2.20 
correlation coefficient -0.07 -0.13 
 
 
 
 
 
5.5 Conclusion 
This work shows that the semi-empirical PM7 method, similar to the HF method upon 
which it is based, generally overestimates the band gaps of transition-metal oxides. An 
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empirical method is then introduced, based on the PM7 calculation results, to improve 
the accuracy of PM7 band gaps. For binary transition-metal oxides, the band-gap 
correction is built linearly upon a correction parameter obtained from the atomic charge 
of the metal cations. For ternary transition-metal oxides, the correction method is still 
valid and employs a term based linearly on the atomic charge of the A-site cation and a 
second term based linearly on the correction parameter for the B-site cation. In both 
binary and ternary cases, the averaged band-gap errors are reduced from around 3 eV 
to around 1 eV. Further random-sampling tests confirm the validity and transferability 
of these fitting parameters. A comparison between the corrected PM7 band gaps and 
band gaps obtained from Hartree-Fock calculations shows that the residual error in the 
corrected PM7 band gaps is not strongly correlated to the HF calculations. 
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6. Conclusion 
The influence of La doping upon the electronic structures of NaTaO3 was investigated 
by DFT calculations. The results showed the La doping can effectively change the type 
of band gap in both cubic and orthorhombic NaTaO3. A strong dependence of the 
effective carrier mass in La-doped NaTaO3 on the La doping concentration is also 
revealed by our calculations, where the lowest effective carrier mass is found to be 
obtained at a low doping concentration while further increased doping concentration 
leads to a heavier effective carrier mass. Excited electrons and empty holes can be 
separated more effectively when they possess a lower effective carrier mass, and reduce 
the probability of recombination. The strong negative correlation between the effective 
carrier mass of La-doped NaTaO3 and its photocatalytic efficiency suggest the 
important role of reducing the effective carrier mass in increasing the photocatalytic 
efficiency. 
 
Besides the electronic structure of La-doped NaTaO3, the influence of La doping upon 
the surface structure of NaTaO3 was also investigated by DFT calculations. A zig-zag 
distortion of the surface can be found in both La-doped NaTaO3 and NaTaO3 with a 
surface O vacancy. The positive formation energy of an O vacancy on NaTaO3 suggests 
it is only preferred under very negative chemical potential of O2. When treated with 
high temperature, NaTaO3 particles are exposed to a very negative chemical potential 
of O2. The probability of forming O vacancies on the surface is therefore greatly 
increased, resulting the zig-zag surface distortion. This suggests a common origin for 
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the similar step-edge surface structures observed in both La-doped NaTaO3 particles 
and NaTaO3 particles treated in high T condition, zig-zag surface distortion induced by 
a La dopant or O-vacancy defect. 
 
In order to apply the semi-empirical PM7 method in transition-metal oxides, we have 
developed a post-calculation empirical correction method to improve the accuracy of 
the PM7 method in predicting the band gaps for transition-metal oxides. The correction 
parameters are established based on the d-electron number of the free transition-metal 
atom and its atomic charge in the oxide. The average error of the PM7 band-gap errors 
can be reduced from 3 eV to 1 eV with our correction method. With this correction, the 
PM7 method can be applied as a reliable and efficiency tools for transition-metal oxides. 
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